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A little history (the Comte de

Buffon needle experiment,
AD 1777)




Stanislaw Ulam (1909-1984)

S. Ulam is credited
as the inventor of
Monte Carlo method
in 1940s, which e
solves mathematical |
problems using

statistical sampling. ’




Nicholas Metropolis (1915-1999)

The algorithm by Metropolis
(and A Rosenbluth, M
Rosenbluth, A Teller and E
Teller, 1953) has been cited
as among the top 10
algorithms having the
"greatest influence on the
development and practice of
science and engineering in
the 20th century.”




The Name of the Game

Metropolis
coined the
hame

“Monte
Carlo” , from
its gambling
Casino.

Monte-Carlo, Monaco



Summary of Monte Carlo
Method

* Solving mathematical problems (numerical
Integrations, numerical partial differential
eguations) by random sampling

« Using random numbers in an essential
way

« Simulation of stochastic processes
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fEmisiR 1 = 0.8641662611747412416
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102 0.52577 0.392 0.287 0.100 2.87
103 0.79895 0.755X 101 | 0.900X 107! | 0.316X101 2.85
104 0.88543 0.246 X 10t | 0.269 X 10! | 0.100 X 10 2.69
10° 0.87210 0.919 X102 | 0.864X 102 | 0.316X10? 2.73
106 0.86581 0.190 X102 0.274X 102 | 0.100X102 2.74
107 0.86485 0.798 X 103 | 0.868 X 10° | 0.316 X103 2.74
108 0.86377 0.456 X 10 | 0.275 X 10° | 0.100 X 103 2.75
10° 0.86418 0.218 X 10* | 0.868 X 10* | 0.316 X10* 2.75
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What i1s a Random Number?

* Follow a definite distribution, usually
uniform distribution

 Uncorrelated
* Unpredictable



Pseudo-Random Numbers

* Truly random numbers can not be
generated on a computer.

* Pseudo-random numbers follows a well-
defined algorithm, thus predictable and
repeatable.

* Have nearly all the properties of true
random numbers.



Linear Congruential Generator
(LCG)

One of the earliest and fastest algo-—
rithm:

Tnt1 = (axy +¢) mod m

where 0 < z,, < m, m 1s the modulus, a
1s a multiplier, ¢ is an increment. All
of them are integers. Choice of a, ¢, m
must be done with special care.



Choice of Parameters

Name |m |a (multiplier) C period
ANSIC 231 | 1103515245 12345 |23

[rand()]

Park-Miller |231-1 | 16807 0 231.2
NR ran0()

drand48() |24 |25214903917 11 248

Hayes 64- [264 |6364136223846793005 |1 264

pit

(ax+c)modm
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When (anxn+1)
pairs are
plotted for all
n, a lattice
structure is
shown.
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128
255
256

---000000001
--+-000000010
---000000011
--- 000000100
--+-000001000
--- 000010000
--+-000100000
-~ 001000000
---010000000
---011111111
-~ 010000001

IAND(255,0) = 0
IAND(255,250) = 250
IAND(255,255) = 255
IAND(255,256) = 0
IAND(255,257) = 1

IAND(255,258) = 2
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(p,q) HEeHEH:

(98, 27),
(2281,915),
(4423,271),
(4423,1393),
(9689, 471),

(1279,216), (1279,418), (2281,715),
(2281,1029), (3217,67), (3217,576),
(4423,369), (4423,370), (4423,649),
(4423,1419), (4423,2098), (9689,84),

(9689,1836), (9689,2444), (9689,4187)



#include <stdio.h>
#define AMOL .23283064365386962890625e-9
#define NBIT 32

static int ir[256];
Static int k;

double r250()

{

Int iran_Ks;

k=(k+1)&255;

ir[k]=ir[(k-250 & 255)] ~ ir[(k-103 & 255)];
iran_ks=ir[k];

return iran_ks*AMOL+0.5;

}
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Non-Uniformly Distributed Random
Numbers

Let F(x) be the cumulative distribu-
tion function of a random variable z, then
x can be generated from

r=F"" ()

where ¢ is uniformly distributed, and F'~1(x)
is the inverse function of F(z).



Proof the Inverse Method

The Mapping from x to & is one—to-—
one. The probability for & between value
£ and £+ df is 1-d&, which is the same
as the probability for x between value z
and x + dx. Thus

dé = dF(x) = F'(x)dx = p(x)dx.

Since F~Y(&) =z, or £ = F(x)



Example 1, Exponential
Distribution

P(x) = exp(—x), x >0, then

X

F(x) = /exp(—y)dy =1 — exp(—2x)

0

So we generate x by x = —log(&) where &
1s a uniformly distributed random number.



Example 2, Gaussian
distribution

Take 2D gaussian distribution

1
p(2,y)dwdy = —— exp(—(z° +y°)/2)dw dy

Work in polar coordinates:

1
p(r,0)rdrdd = — exp(—r?/2)rdrdf

27



Box-Muller Method

The formula implies that the variable

0 1s distributed uniformly between 0 and

27T, %72 1s exponentially distribution, we

have

x = /—210g(&) cos(2mEs)
y = +/—21og(&1) sin(2méy)

&1 and & are two independent, uniformly
distributed random numbers.
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{1,5} is closed, {3} is closed/absorbing.

It is not irreducible.
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Urn Example

"ve® eg® ‘e.b

There are two urns, urn A has two balls, urn
B has three balls. One draws a ball in each
and switch them. There are two white balls,
and three red balls.

What are the states, the transition matrix
W, and the equilibrium distribution P?



The Transition Matrix

e
W=|1/6
\O

1 0)
1/2 1/3
2/3 1/3,

Note that W2 are all positive.

(1/6

1/2 1/3°

W?={1/12 23/36 5/18

. 1/9

1/6

1/3

5/9 1/3

2/3



A GFAE 5]

o AT P BRI 2 — N AEAR [H] A
P=P

N

. =1/10, P, = 6/10, P, = 3/10.

® =R
Z N

T

o W= N7



1
0 1 o) P = =2

w=|1/6 1/2 1/3 1 9
\ O 2/3 1/3) p2=p1—|—§p2+§p3
1 —1 _|_1
p3:§p2 p3—3p2 3293
111
P2 = 6?2 + 5292 + §p2 = P2
1 § 3
P1 — 107 P2 = 107 P3 = 10



] T

_et P,=(1, 0, 0)

=P,W=(0,1,0)

= P, W2 = (1/6,1/2,1/3)
P, W3 = (1/12,23/36,5/8)
= P, W4 = (0.106,0.587,0.3)
P, W> = (0.1007, 0.5986,

P, W= = (0.1, 0.6, 0.3)



—

i ] 111
©0.1065  0.5880  0.3056 ] C 01007 0.5986  0.3007
0.0980  0.6042  0.2978 | W= | 0.0998  0.6005  0.2998
0.1019  0.5957  0.3025 01002 05995 0.3002
©0.1001 05998 0.3001 -
0.1000  0.6001 03000 |, | o0 o )
01000 0.5999  0.3000 | 00 0000 03000

- 0.1000 0.6000 0.3000
Wt = | 0.1000 0.6000 0.3000
0.1000 0.6000 0.3000
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i, HAATARFEBIELEW (X - X') M-
A P(X), T AarmEBRREEER <8
AR R EREE Yo = Xy, Yi=XN_1, -,
Ynv = Xp?




B R AR W N2
PXWHX - X') =P X" W(X — X)
JRan

P(Xo,Xl, ..,XN) = P(Xo)W(XO — Xl)W(Xl — X2)
- W(Xn_1— Xn)

WIS T S R

P(Xn,Xn—1,", Xo) = P(Xn)W" (XN — Xn_1)
WR(XN_l — XN_Q) s WR(Xl — XO)

HO




LU VIPN::

17— ANy IR ] R 2 A0 B 41
PXOW(X - Y)=PY )WY — X)
DI e A2 AT 3.

JLF R 1 T Monte Carlovh & )L /K A] 5
%%B%Fﬂ’]L_EJZET@. .
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An example of a chain that does
not satisfy detailed balance

1
(0 2/3 1/3
w=1/3 0 2/3 23/ | A\2/3
2/3 1/3 0 1/3
13 |
3 : 2
213

Equilibrium distribution is
P=(1/3,1/3,1/3).

The reverse chain has transition matrix WR=WT
(transpose of W). WR# W.



Realization of Samples in Monte
Carlo and Markov Chain Theory

* A Monte Carlo sampling do not deal with
probability P(X) directly, rather the
samples, when considered over many
realizations, following that distribution.

* Monte Carlo generates next sample y

from the current x, using the transition
probability W(x ->y).
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X i, X AR EOT LUk Y, HAE N B =
5/36, v=43/18, v =4/3.

Nf T = 4E ), HegH &M RUrkkea, Hg R
HB =04, v=1.8, v=0.875 XLIEEAHIEKL
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np(1)=1
np(2)=2
np(3)=3
np(4)=2
np(5)=5
np(6)=6
np(7)=7
np(8)=8

E£H21r: Hoshen—Kopelman&iE

J. Hoshen and R. Kopelman, PRB 14, 3438(1976)

10 | 10 12 11
10 11| 11
6 2
6 2 | 2

2 5
1 2
1|1 2 | 2

np(9)=9

np(10)=10
Ap(11)=91
np(12)=12
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1, HHR250MIBENLECR A 2%

2, M HR250FILE/RA LA B I FENLEC R A 2%, A RBE
WETH, R X X TR BEIT i, B H T E.
3, FIHAFERIFENE KBS, FIf6 Al AR o

/2 sin (z) "’
0 \/cos3(:c) + 3
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AL B = 4E 55 8] SAW P A AR,
1, SRS, AN EAS, HoREE AR FIEER] 9340

P(n, R),
2, HP(n, R), FR7r KA n LA H 7040 P(n),
3, IMH BB E = (Re &, b,  ..)

2% Hk: K Kremer, A Baumgartnert and K Binder
J. Phys. A: Math. Gen. 15 (1981) 2879-2897.

2, XTFAFRBIp, BT —4Eds o, HE %
Mg A e E.






