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The Paper (13300 citations from 1988 to 2011)

THE JOURNAL OF CHEMICAL PHYSICS VOLUME 21, NUMBER 6 JUNE, 1953

Equation of State Calculations by Fast Computing Machines

NICHOLAS METROPOLIS, ARIANNA W. ROSENBLUTH, MARSHALL N. ROSENBLUTH, AND AUGUSTA H.
TELLER,

Los Alamos Scientific Laboratory, Los Alamos, New Mexico
AND
EDWARD TELLER, * Department of Physics, University of Chicago, Chicago, lllinois
(Received March 6, 1953)

A general method, suitable for fast computing machines, for investigating such properties as equations of
state for substances consisting of interacting individual molecules is described. The method consists of a
modified Monte Carlo integration over configuration space. Results for the two-dimensional rigid-sphere
system have been obtained on the Los Alamos MANIAC and are presented here. These results are compared
to the free volume equation of state and to a four-term virial coefficient expansion.



The Calculation

 Number of particles N =224

* Monte Carlo sweep = 60

« Each sweep took 3 minutes on MANIAC
« Each data point took 5 hours



MANIAC the Computer and the Man

Seated is Nick
Metropolis, the
background is
the MANIAC
vacuum tube
computer




IE D] 43 A B AR 5 1
VEPE— N R AN B S e 3% J LR,

F2 4 —/~Markov £, z@ﬁ%@ﬁ’] A TH MASIRES;
JH RIS T E A

FERMSBIsERIER, 7 IRSHREZEN
0H = H(xs) — H(x,)

i; W(x, — Xg)
W(xs — X;)

= exp|—(BoH



1 EMetropolis 1%+ :

W (X, = Xg) = { TXP[—%H] ?ZE;

(L A=

OH >0
OH <0



HEH 2 — A e

1| H
W(azr%ajs)zi 1—tanh<552 )

N HE B RS, WIRIEBEFEAME—, H 2L 2 g 2P
7 25 A1 R EE R BP AT, (ELAS ] i wlle S50 B A4 22 ) 1R
R, WA A id i w LI 21 AT B8 15 i e Sl i AT
JXA] B8 i TR FEEATI R 2 AT Monte Carlo&H Lt
T HTVE RS 2 —.




The Ising Model

-— v+ T+ The energy of

) Y S W | configuration s is

+ 4+ - =+ E6)=-T 2 s
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- over a lattice, <ij>
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void monte_carlo()

{

Inti, j, k, e; /[* 11s the center site */
Int nn[Z]; [* the name neighbors */

for(k = 0; k < N; ++K) {

| = r250( ) * (double) N; /* pick site at random */
neighbor(i, nn); /* find neighbors of site | */
fore =0,]=0;]<Z; ++4)) [* go over the neighbors */
e += s[nn[j]]; /* sum of the neighbor spins */
e *=2 *sli; [* 2 times the center spin */
if (e <=0) /* when energy change is less */
s[i] = - s]i]; /[* than zero, spin is flipped */
else if (r250( ) < exp(-e/T)) [* othewise, it is flipped */
s[i] = - sli]; [* with probability less one */




void neighbor(int i, int nn[ ])

{
Intj, r, p, d;

;
1-L;
1;

o T S
n on M

for=0;j<Z;j+=2){
nnjl=(r+1)%L==02i+p:i+q;
nnj+1] =r%L=0?1-p:I1-qQ;
r=riL;
p*=L
q*=L



void energy(double *e)

{
Inti, |, ie =0;
Int nn[Z];

for(i=0; 1 < N; ++i) {
neighbor(i, nn);
for=0;)<Z;]+=2) [*look at positive direction only */
le += s[if*s[nn[]]];

}
assert(ie <= 2*N && ie >= -2*N);
*e +=|e;

}



void main( )

{
It 1, mMc;
double e = 0O;

for (I=0;1<N; ++i) /[*initialize, all spin up */
s[i] = 1;

for(mc = 0; mc < MCTOT; ++ mc) {
monte_carlo();
if( mc >= MCDIS)
energy(&e);

}
printf("<e> = %f\n", e/(MCTOT-MCDIS)/N);

}



#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <assert.h>
[* macro definitions */

#define L 16 [* lattice linear size */

#define N (L*L) [* total number of spins */

#define Z 4 [* coordination number = 2*d */

#define MCTOT 1000 [* total Monte Carlo steps */

#define MCDIS 500 [* steps discarded in the beginning */
[* global variables */

int S[N]J; [* spin +1 or -1 */

double T =2.269; [* temperature */

[* funcition prototypes */
void neighbor(int i, int nn[ ]);
void monte_carlo();
void energy(double *);
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Finite-Size Scaling

Singular part of free-energy has the scaling

form:

F(L,T)=L~@=)/vg((T —T¢)/TeL'")
This implies at T, for large size L,

M~LPY  x~ LV, C~ LY



Shift of T.
T.(L) = To(00) + aL™1/"

By considering the shift
of T, with respect to sizes,
Ferrenberg and Landau de-
termined highly accurate
1/T. = 0.2216595+0.0000026
for the 3D Ising model.
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FIG. 6, Magnification of Fig. § using the data for L =24 and
excluding the specific heat. The curves are straight-line fits to
Eq. (8) with +=0.628% and no correction term.

From A M Ferrenberg and D P
Landau, Phys Rev B 44 (1991)
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Accurate Exponent Ratio

* Finite-size scaling y ~ LY/¥
1QE T T T 77T

at 1. = 0 for the three-state

W — anti-ferromagnetic Potts model:
E :
E(o)=JY 6&(0s,0)
: : (i.d)
/ Where o = 1, 2,3 and 9 is Kro-
L necker delta function. We found
FIG. 1. Log-log plot of the two-dimensional susceptibality ¥ numerically that ’Y/ v = 1 666:|:

vs lincar size L at T =0, The straight linc has a slope ¥ /v~ %

0.002

From J S Wang, R H Swendsen, and R
Kotecky, Phys Rev. B, 42 (1990) 2465.
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