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A little history (the Comte de

Buffon needle experiment,
AD 1777)




Stanislaw Ulam (1909-1984)

S. Ulam is credited
as the inventor of
Monte Carlo method
in 1940s, which e
solves mathematical |
problems using

statistical sampling. ’




Nicholas Metropolis (1915-1999)

The algorithm by Metropolis
(and A Rosenbluth, M
Rosenbluth, A Teller and E
Teller, 1953) has been cited
as among the top 10
algorithms having the
"greatest influence on the
development and practice of
science and engineering in
the 20th century.”




The Name of the Game

Metropolis
coined the
hame

“Monte
Carlo” , from
its gambling
Casino.

Monte-Carlo, Monaco



Summary of Monte Carlo
Method

* Solving mathematical problems (numerical
Integrations, numerical partial differential
eguations) by random sampling

« Using random numbers in an essential
way

« Simulation of stochastic processes



Ik RS R B E R T 1%

FEF=K

1, Monte Carlo J5i£%,

a, & M1 E ¥)Monte Carlo 7574,
b, = FMonte Carlo J7i&,

2, B 1A,

3, M BABh J157 714,

.44

N

[E A

[EBENLE P ARSI, 1oy 7 R BB v,
PRI

it

AT

) HL A,

I R A B AR R,



FiYEE

HREERSYE %O F R
1, G FAREY, 5 i
2, MG BT R RS R K25 )

RS EAEE:

1, ¥& SRR Ising #5578, PottstE A fHeisenberg 1584 &z HUE AT & RS T (XY, H e
Pe3H,...), Hubbard £ 8Y, JERAT BB, BB, g EAR ...

2, JEE B AL 2 SRR EEER, LY, Yukawa, ......); B (A G BT,
WA, ...... )

3, R T,

4, A BHIZ BT

FATA VBB (g 57, R an it 5



Z WG THHEL:
éﬁﬁ%éﬁﬁ@ﬂé‘%@ﬁ% ,H(CU]_, LDy 733]\7)
TR R @ = / drydrs - dey exp[-BH(z1, 22, -, )]

A HHE: F=-81nQ

Xt H B RER T, RIS A,

F
P - B = _Tza (T)
oT
GE S = - (a—F>
oT'/v,N

R o R EOR A SR (% 1D A1 2D Ising, BRARSAAK, ..., IR LM EERLAR



Z BB HHE, Monte Carlo ¥

s R, IR RGP A 4 — A % Ry
WL, RS HL00RT IR, AR 6 F L BT
600TAY. BUEHIEE B —HII0A A, BICAT109004 AL Bt

] 0 LU IR AN B EE L R IR Ty A A, DU A DX A )
8600 ZE R AR T AT Ll (8/10)890 = 0.714 x 10758, g2, HX
) S e AR BT )]

fif PR IX A 0] B 7V AEMonte CarloJ7vE.

HiMonte Carlo J5ikvh&R 7, S i) 5 1 It Je AE R 43 X 35k N Bl AL
B — RV 6, T AR BR AR IX e N B R, AR T
DURR A3 X S R AR AR, JX Al v ok T AR V.

Tl B ARV SE DR R AR T 5, HAR AN, e FE B AR bR ER /N
FARK By RS XS AR, eadb ik A a1 7 5 0 76 B B X 4 22 B )L
sV BRI R R



M) LAV A TR A S = fol f(x)dx

. A S=0, N=0
. PEAEXE]]0, 1] B BER LS ;
: i+ﬁf($z), S:S—l—f(l’i), N =N +1;

S =S/N



i BT VR AN

1
BIE—: +EHY I = / dx
0

1
4

1%t = 0.8669729873399110 - - -

XARIT RS W {E 2

PL7E A SR sy, L = (f)

N I AI/T|A'T/T| 1/yN [NIVN/T
102 [0.879679 1.47X10°72 1.69 X 102 0.1 1.69 X 101
108 [0.871238 4.92X10-3 5.45 X107 3.16X 102 |1.72X101
104 |0.869603 3.03 X103 1.74 X103 102 1.74 X 101
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N | I | ANI/I| AI/I YVN |AIVN/I
107 0.52577 0.392 0.287 0.100 2.87
103 0.79895 0.755X 101 0.900X 10! | 0.316X10t1 2.85
104 0.88543 0.246 X 10! | 0.269 X 10* | 0.100 X 101 2.69
10° 0.87210 0.919 X 10 0.864X 102 0.316X102 2.73
106 0.86581 0.190 X102 0.274X 102 0.100X102 2.74
107 0.86485 0.798 X 102 | 0.868 X 10 | 0.316 X103 2.74
108 0.86377 0.456 X 103 | 0.275X 103 | 0.100 X 103 2.75
10° 0.86418 0.218 X 10+ | 0.868 X 10* | 0.316 X10* 2.75
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106 0.8639793 | 0.216 X 102 [ 0.367 X 103|0.100 X 102 0.37
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The Roulette and Dice
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What i1s a Random Number?

* Follow a definite distribution, usually
uniform distribution

 Uncorrelated
* Unpredictable



Pseudo-Random Numbers

* Truly random numbers can not be
generated on a computer.

* Pseudo-random numbers follows a well-
defined algorithm, thus predictable and
repeatable.

* Have nearly all the properties of true
random numbers.



Linear Congruential Generator
(LCG)

One of the earliest and fastest algo-—
rithm:

Tnt1 = (axy +¢) mod m

where 0 < z,, < m, m 1s the modulus, a
1s a multiplier, ¢ is an increment. All
of them are integers. Choice of a, ¢, m
must be done with special care.



Choice of Parameters

Name |m |a (multiplier) C period
ANSIC 231 | 1103515245 12345 |23

[rand()]

Park-Miller |231-1 | 16807 0 231.2
NR ran0()

drand48() |24 |25214903917 11 248

Hayes 64- [264 |6364136223846793005 |1 264

pit

(ax+c)modm
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Short-Coming of LCG
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When (anxn+1)
pairs are
plotted for all
n, a lattice
structure is
shown.
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Kirkpatrick-Stoll (R250)
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Tl = Tp—250 D TE—103
P — KB HLHOR R S0 TT LS
T = Th—p D Th_q

(p,q) HEeHEH:

(98, 27),
(2281,915),
(4423,271),
(4423,1393),
(9689, 471),

(1279,216), (1279,418), (2281,715),
(2281,1029), (3217,67), (3217,576),
(4423,369), (4423,370), (4423,649),
(4423,1419), (4423,2098), (9689,84),

(9689,1836), (9689,2444), (9689,4187)



#include <stdio.h>
#define AMOL .23283064365386962890625e-9
#define NBIT 32

static int ir[256];
Static int k;

double r250()

{

Int iran_Ks;

k=(k+1)&255;

ir[k]=ir[(k-250 & 255)] ~ ir[(k-103 & 255)];
iran_ks=ir[k];

return iran_ks*AMOL+0.5;

}
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Metropolis 5.7 (1953)

Metropolis HEyEHY
W(x —2')=T(x — 2")min(1, P(z')/P(x)), x#
T N— KRR 78 H

Tx—2)=T(x" — x)



The Paper (13300 citations from 1988 to 2011)

THE JOURNAL OF CHEMICAL PHYSICS VOLUME 21, NUMBER 6 JUNE, 1953

Equation of State Calculations by Fast Computing Machines

NICHOLAS METROPOLIS, ARIANNA W. ROSENBLUTH, MARSHALL N. ROSENBLUTH, AND AUGUSTA H.
TELLER,

Los Alamos Scientific Laboratory, Los Alamos, New Mexico
AND
EDWARD TELLER, * Department of Physics, University of Chicago, Chicago, lllinois
(Received March 6, 1953)

A general method, suitable for fast computing machines, for investigating such properties as equations of
state for substances consisting of interacting individual molecules is described. The method consists of a
modified Monte Carlo integration over configuration space. Results for the two-dimensional rigid-sphere
system have been obtained on the Los Alamos MANIAC and are presented here. These results are compared
to the free volume equation of state and to a four-term virial coefficient expansion.

1087



The Calculation

Number of particles N =224

Monte Carlo sweep = 60

Each sweep took 3 minutes on MANIAC
Each data point took 5 hours



MANIAC the Computer and the

Man

Seated is Nick
Metropolis, the
background is
the MANIAC
vacuum tube
computer
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Molecular systems:

+ Vn

N p2
H(X) =), om
1=1

In most cases the interaction part can be approximated by
pair interactions:

1
VN = 5 Z U(I'Z'—I'j)
0,J317]
One famous example is the Lennard-Jones potential
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1 —BH(r
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A very important quantity in statistical mechanics 1is

the pair correlation function g(r,r’), defined as

V2
g(r,r') = E /V d°rs3d’ry - - - d°r N exp [—BVy (v, 1, r3 .- ,rn)|,

where
ZN:/ d37“1d3r2---d3rNexp[—6VN (I‘l,I‘Q,I'g,--- ,I‘N)].
\%

[t may also be written as

g(r,r’): <Z o(r—r1;) r—rj)>.

38 #]
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For a homogeneous system the pair correlation function
depends only on the distance between r and r’ . In this
case we denote it as g(r).

The g(r,r") is proportional to the probability that
given a particle at point r and find another particle at
point v’ . At large distances g(r) tends to 1, we may

define the total correlation function

h(r)=g(r)—1.

The Fourier transform of the above function gives the

static structure function (or structure factor)

S (k) = 1—%7zj/iz(r)eﬂ°rd3r.
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The structure function is defined as the correlation
function of Fourier component of density fluctuations

S (k) — (An_kAnk>

1
N
The density is defined as n(r)::EZ?féﬁ?——rﬁ

and the density fluctuation is Z&n(r):::23?75(r——13)——
and its Fourier component is:Amn, = fdr An(r)e_ik'r
ZN e tkTi _ N(Sk,o

1

| <[=

1 1 K- (r; —1
S(k) — N <An_kAnk> — N Z;j <ezk( i .7)> +1— N(Sk,O
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S (k) + N 0
L 1 ik-(r;—1;)
N<An kAnk> N Z<€ >—|—1
17307]
/drdr’eZk vt Z d(r—r)0( —r;))+1
%J V£
N

= /drdr’ezk(r 1”)g(r—r’)%—l

=1+ <n —~ ‘1/> /drg(r)eik'r

— 14+ (n _ ‘1/) /drh(r)eik'r + (N — 1)dk,0
MARFE T IR, 2020t B 5 4 m] DLRE 25



oFIRE
The structure factor can be measured directly by scat-—
tering experiments and can also be calculated by simu-
lations.
Many physical quantities can be expressed in terms of
the pair correlation function, for example the energy in
NVT ensemble is

N
E = gNkBT—I— 5 d°rv(r)g(r).

The pressure 1is

BP B /-
— 1——N<Zl"i‘viVN>

1=1

o

1 —

| ™

n / d*r r-Vou (r)g(r).
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The compressibility

kpT (%Z)T:1+n/d3r(g(r)—l).

This expression can be derived from the fluctuations of

particle numbers

d (N) (N)? [0V
N2 — (N)? = kpT (_> kT |
< > ou TV V2 \oP T.(N)
Since n::-%§zw dV = %%%dn, SO



oFIRE
On the other hand, it can be proved that

(V) = 0 = ) (140 [ @rig) - D).

We have the final result.
The time correlation function 1s the correlations of

two physical quantities at different times,
Cap(t,t') = (A(t)B(t)) .

For systems at equilibrium the time correlation function
is a function of the time difference only and can be

written as

Cap(t) = (A(t)B(0)).



oFIRE
The velocity auto correlation function of the 1ith

particle 1is

Cuy (t) = (vi (t) - vi (0)) .

Which is related to the diffusion constant of the par-
ticle.

Dz%/ooodt(v(t)-v(()»

This can be derived from the definition (we will back to

this point)

(s (t) =1 (0))*) = 6Dt

which holds for large t.
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In general, a transport coefficient is defined in

terms of the response of a system to a perturbation.

yzfooodt<A(t)A(0)>

where ~ is the transport coefficient, and A is a physi-
cal variable appearing in the perturbation Hamiltonian.
There is also an Einstein relation associated with this

kind of expression

((A(t) = A(0)*) = 27t

which holds for large t, (t> 7, where 7 is the relax-—

ation time of A).
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The shear viscosity n is given by

e kBLT o (Pap (t) Pap (0))
kBT (Qap (1) Qap (0)) = 2nt.
Here

The negative of P, 1s often called stress tensor.
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Monte Carlo simulation of Particle Systems
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FIG. 1. Plot of specific heat vs T for the 16=16 d =2 Ising
maodel. The dashed line is the exact solution (see Ref, 9) while
the solid line is the result calculated from the single simulation
at T=T, The location of the simulated temperature is
marked with a vertical line.
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1, Multistage Sampling (McDonald and Singer, 1967, 1969)
2, Finite Size method (Mon, 1985)

3, Particle-Insertion Method (B. Widom, 1962)

4, Density Scaling Monte Carlo (J P Valleau, 1991)
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Consider a rectangular volume of L X Lo X L3z, with N
classical particles put in. The particles are interact
with each other. In principle, the interaction includes
pair interactions, three body interactions as well as
many body interactions. For simplicity we will consider
here only pair interactions. In this case each particle
feel a force by all other particles and we further assume
the force depends only on distances from other particles
and for each pair the force directed along the line join
the pair of particles. So the force on the ith particle
1S

Fi= Y F(lri—r;)ry,

J=1,N;j#i

where r;; is an unit vector along r; —rj.
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Periodic boundary condition(PBC)
Fppo (ri — 1 ZF( rj+ZLu”u>

where L, are vectors along
the edges of the rectangular .. . .. .
system volume and the sum over ° . ° .
n is with all integers n,. .. T )
Usually this sum is the most ° e //fif
time consuming part in a sim— . .
ulation. A P




General procedure of MD (NVE ensemble)

1. Initialize;

2. Start simulation and let the system reach
equilibrium;

3. Continue simulation and store results.
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Initialize:

1, Specify the number of particles and interaction;
2, Setup the simulation box;

3, Specify the total energy of the system,

4, Assign position and momenta of each particle.

a, In many cases we assign particles in a FCC lattice,
If we use cubic unit cell and cube BOX then the number of particles per
unit cell is 4, and the total numbers of particles are 4M3, M=1,2,3,--- . That
IS we may simulate systems with total number of particles N=108, 256, 500,

864, ---.

b, The velocities of particles are draw from a Maxwell

distribution with the specified temperature.

This is accomplished by drawing the three components of the velocity
from the Gaussian distribution.
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The distribution of the x—component of velocity is

2

P(vg) o exp [— 27:;:%] .
Draw numbers from a Gaussian:
Consider:

mu> mu? m (v2 + 112)
P(v, — z _ Yy | — _ z Y

(g, vy) X €Xp [ 2kBT] exp ! T exp T
Then
P(vg, vy )dvgdv, = P(v)vdvde,

where v = w2 4+ v, and

3 2
P(v) o exp [— ;Z;]T] .
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So the distribution of v, and v, may be obtained from
v and ¢.

The distribution of wv:

P(v) o vexp [— ULl ]

2kpT

The distribution of ¢ is uniform in the interval [0, 2x].
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Generate random numbers for a given
distribution

For a given distribution P(y) we consider how to get
a random number y draw from P(y) from a random number
x draw from uniform [0,1], i.e., we are going to find a
function f(x), from which for a series of random numbers
r distributed uniformly in the interval [0,1], y = f(x)
will distributed according to P(y).
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Since

then

Exponential distribution

0, y <0
P(y)_{ )\e_Ay, y >0

Fo)= [ P(y')dy'{ VR

1—e ™, y>0
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The distribution of wv:

m

P(v) = =

mau? }

veRb {_ 2T

v 2 2

m e o d e e + 1
— vexp |— V= —exp |— .
kT Jo © 0T 2kpT P okgT

v = \/—kBT In(1—x)

m
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Draw random numbers uniformly distributed in the in-
terval |0, 27].

Uy = UV COS ¢
vy = VSIng

Another method of draw random numbers in the Gaussian
distribution is through the following empirical methods.

Consider the distribution

eX aj2
P17
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According to the central limit theorem, 1f we draw
uniform random numbers r; in interval [0,1], and define a

variable
1 n 1
. 5?§:¢=17% 2
1
12n

when n > 1 the distribution of & is the Gaussian dis-
tribution

§

If we take n =12, we get

12
"S:ZT@ — 0.
1=1
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After the generation of the velocity of each particle,
we may shift the velocity so that the total momentum 1is
Zero.

The standard Verlet algorithm is the first successful
method in history and still wide used today in different

forms. It 1is

r(t+h)=2r(t)—r(t—h)+hF(r(t)/m

o) — r(t+h)2—hr(t—h).

To start the integration we need r(h), given by

r (h) =1 (0) + hv (0) + h*F (r (0)) /m.



5 F 3l )12
Variations of this method are

V(t+h/2) =v(t—h/2) 4+ RF(r ()
r(t+h) =1 (t) +hv(t+h/2).

and

r(t+h)=1(t)+hv(t)+ hF (r(t))

t+h)+F(r(t))
; .

V(4R = v () + h

Both of these variations are mathematically equivalent to
the original one but more stable under finite precision

arithmetic.



gaun A=Y X )|
The temperature of the system is given by the equal
partition theorem, that is the average of kinetic energy

of each degree of freedom is half kg7,

N
3 1 1
“bnTh — — “mw? )
o B lp N1+ <2va>

The N—1 is due to the conservation of the total momentum
which reduce the degree of freedom by 3.
To reach the desired temperature we may scale the

velocity at every few steps of integration

V; (t) — >\Vz' (t)

v [N =1 3ksT
§:£ilfnv§
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After the system reach to equilibrium the integration
continue in the same method as above without scaling of
velocity. The data are stored or accumulated for the
calculating of physical properties. The static proper-—
ties of physical quantity A is given by time average
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here A, is the value of A at vth time step.

the data stored in each step include:

N
1, the kinetic energy Z %mvg

2, the potential energy U = D v (7ij)
(2,7)

3, the virial Z Tij =
iJ

Usually



s RTIAE 2K

We also need data to calculate the pair correlation
function, this is done by divide the interval [0,r] into
sub intervals [ir,(¢ + 1)r], at each stage of updating,
add the number of pairs with separation in the interval
lir, (i + 1)r], to an array n(i) and find the average value

after simulation, the pair correlation function is given
by

2V {n(r))
N (N —1)4nr?Ar

g(r)=
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The Ising Model

- - 4+ - + - The energy of
configuration s is

= - - + E(S)z-JZ<iJ>5i5j

-+ + + - where i and j run
over a lattice, <ij>
denotes nearest

+ - neighbors, s = =1

|
|
|
+
+
|

+
|
|
|
|

+ + + +

+
|
|

s={sy, Sy, ..., Si, . }

2019/10/23 R E KSR S
71.1%
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4. WEALER
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5. Binder 4 [ EMH&E

U=1 (M)

— 3(M2)2

6. H HEFH IR RZL (5i55)
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void monte_carlo()

{

Inti, j, k, e; /[* 11s the center site */
Int nn[Z]; [* the name neighbors */

for(k = 0; k < N; ++K) {

| = r250( ) * (double) N; /* pick site at random */
neighbor(i, nn); /* find neighbors of site | */
fore =0,]=0;]<Z; ++4)) [* go over the neighbors */
e += s[nn[j]]; /* sum of the neighbor spins */
e *=2 *sli; [* 2 times the center spin */
if (e <=0) /* when energy change is less */
s[i] = - sli]; /[* than zero, spin is flipped */
else if (r250( ) < exp(-e/T)) [* othewise, it is flipped */
s[i] = - sli]; [* with probability less one */
}
}
2019/10/23 iR R AR A T

AR



void neighbor(int i, int nn[ ])

{
Intj, r, p, d;

l;
1-L;
1.

oo =
n i

for=0;j<Z;j+=2){
nnjj]=(r+1)%L==0?i+p:i+q;
nn[j+1] =r%L==0?1-p:i-qQ;
r=riL;

p*= L,
q*=L;
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void energy(double *e)
{

Inti, |, ie =0;

Int nn[Z];

for(i=0; 1 < N; ++i) {
neighbor(i, nn);
for=0;)<Z;]+=2) [*look at positive direction only */
le += s[if*s[nn[]]];

}
assert(ie <= 2*N && ie >= -2*N);
*e +=|e;

}
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void main( )

{
It 1, mMc;
double e = 0O;

for (I=0;1<N; ++i) /[*initialize, all spin up */
s[i] = 1;

for(mc = 0; mc < MCTOT; ++ mc) {
monte_carlo();
if( mc >= MCDIS)
energy(&e);

}
printf("<e> = %f\n", e/(MCTOT-MCDIS)/N);

}
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#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <assert.h>
[* macro definitions */

#define L 16 [* lattice linear size */

#define N (L*L) [* total number of spins */

#define Z 4 [* coordination number = 2*d */

#define MCTOT 1000 [* total Monte Carlo steps */

#define MCDIS 500 [* steps discarded in the beginning */
[* global variables */

int S[N]J; [* spin +1 or -1 */

double T =2.269; [* temperature */

[* funcition prototypes */
void neighbor(int i, int nn[ ]);
void monte_carlo();
void energy(double *);
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