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25 5y VA ) Rt e N 22 B, A1 R R 5T Kz, T
Ve+1—u (1.3.1)

Iz = 162835.0, 7£E—/ N HA6A T BEHA RSN, P55 R °80.001, 1

FI6A7 B B RRE R 25 T8 0.123907 x 1072, PHE TR 2 T 50 5 38 e, *F T8

Kz, WA GERAGIAZNEM S R, A2, W5 A S
—— Ve trl+Vroo 1

Vot \/E)\/x+1+\/5_ Vi+1+x

ST DA R A . Sy T RN, o

(1.3.2)

N+1 dax
/N i arctan(N + 1) — arctan(N)

IS, ] A IS5 22 5K

1
sretan( + 1) —arctan() = avcton (- )

[A] X F/Ne
sin (x + €) — sin(x) = 2 cos <x + %) sin (%)

B wTET I I =T S 7 RS N S VT T4 A S 0 1 e 3 s =B
AL, BUAEAT 230 K T ST N DB 28 3 A i vH SR AR A R
g5
oA R IR S, 5 A (B BT e H0E SCHUA AR BEAS HH LE A/ 45 R ) 7 55

~a.

cos?x —sin?x
In(z) — 1

6290 — e

V1i—1v2-1
VIi+a? -1  *sin(v)

x? x — tg(zx)
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B e S NI b S EWARES

FEIX TR R LE , BA TR @ UA R T S0E, XL N R N AE A IR P it e (H
H B R TF A 5 X 28 T A RE I VA, T ARATISE A 22 4.

2.1 BUERR D

L9353 ﬁiﬁ G FUASE R A AP FRATIHE X L g @ Ry, AN e R o vk 5 m) 4 A%
IR R R H. & e
b
1:/ f(@)da (2.1.1)

EARGE f () HIZE T 1 IR

2.1.1 BSR4 ik

FERAR 3 Th, FATTHRITERR 73 72 1 SRR IR SE SR, IR 28— Fh ok SRR 0 1 5 10—k
Jeik. AEX ) [a, b}l T X o = 29 < 71 < 39 < -+ < 3, = b], WERLIY B TH]
AL N

1

) Z Tipa — ) (f(20) + (i) (2.1.2)

PESERR TSR, 3 R A ) /z Wiy — = ho= e, BRAR A

n—1

h
I'= 5 Z(f(xz) + f(2i+1))
1=0
N T A AR, SEBME T A O
I= hZf ;) + = (f(zo) + flzn)) (2.1.3)
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P X AR/, b — O, SRFNI AR TARME . T ERAT 3058 A a4
855, BT LABRATTAR S AN Sl sk Fn &5 AR o g SR 2 Il Z200 . Ak, Bl T 4G v
G2, — ANEWRAS TR LA RN 7 IX R I 25 Rz 220 O T AEREIR X [H]
/NI AR F B AT R LA R, AT BA MR = UIFGA VA, e e X (R 508 n— 1%,
DU — VR 55 1) R B 2 AT AR A, B LB S IR IR B 5 2 22 e 5 /N T 45 58 1)
PR PR EE HT5

B Y 5025 B EARAE— AN D[R] b (1) R E5m Lk £ 1 R B o + B, SR G THE RS
B, FRAEgs Rk k. (TE A — A4 2, 1 BATIER), Rk, FRATUOEE ik e R 4tk
PREOKS FE () 5. T 1025 e B AT — RBORS FE 1) 5k, —3F % A2 U5k, S5 Bt g X
[ [a, b] 73 R AT XM, 43 £ (0, a + hya + 2k = b), h = 52 fEIX[A] FAEBA R AT —
R BCRIEL, BIHLf (2) ~ a(z — a)? + Bz — a) + v, Heba, B,y A2 b 1) e 8
fHf(a), fla+h), f(D)FRAN:

f(b) —2f(a+h)+ f(a)

o =

20?2
g O+ 4f(;h+ h) —3f(a)
v = f(a)
fia] S T AL 5
/ab(a(x —a)’ + Bz —a) +7) dz = g(f(b) +4f(a+h)+ f(a) (2.14)

R E AR AR A AL AR, B RAT AR .
PRt SE, SEHEARX RN [0, )75 70 A NAS T IXT8], SR 5 AEREAS 1 X 18] A ] = 2SR AR
N AT, JHEERJE A Rk, A -

b
/f(x)dxmg(f(a)+4f(a+h)+2f(a+2h)+4f(a+3h)+---+f(b)) (2.1.5)

KA SRR TR R T 1 07 0, e T AT R ) TR A48 6 i 24 0 1 1
S S S A R RS IR 1 5B, B T35 T4 LR MR, TR X 3
M8, A T ) B, 5V T B D LI, S5 B T B ZE A5 v 57 P T
S 30 R ST Bl A R B0 I TR AT A, 0 7 B 43 ) AR A B 20 T 26 3 4
7745 1 T2 (R B MG A AR . S S BT L e 4 R S B R G .
fEn = 2%, IS, BRI T 20 RR AR 45 . R @L8) 1S b
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1
2

Q

f)

1
0)

b
‘/f@Mx %MMﬂa+m+fm+2m+~-+ﬂh—m+1ﬂ@

— 2h(f(a+2h) + fla + 4h) + +f®—2m+%f(>

+h(f(a) + f(0)) = 2h(f(a) + F(b)) + h(f(a) + f(b))]
— %(4& — Si_1) (2.1.6)

TR IEEIR L Tk, e VIR J7%, Newton-Cotes J714%%, ATEHALELL IS8,
A 2B R 22 0] Z 54 R H A 1 FE. Quadpack (netlib.org) L& T 457 TR
T KRB RSP, B OUAE SE B TAE i A
fEMatlabH, BbEIEVE, 5 AR IGAE Ty bk pR ZCHE AL, SEBR N A B, HEH—
BEAR B B mAE e, WAL RE P R AT o 5 F R LA SRR 43 1 bR 20 2 quad, quadl
quadgk®s . Hrhquad il H B @& MY i AR 500, quadly H 8 UK Inas Sk o3t o 5300
FEE RS . Hlan, &R
/1 sin(z?)
dx
0 1 + £C4

S 58 Xk #fune 7+ Afunc.m

function y=func(x)
y=sin(x."2)./(1.+x.74);

end

SR G AEMatlabf iy 2 & 111847

>> format long

>> quad(@func,0,1)

ZiRN

ans =

0.229253354700751

2.1.2 REBRSHHE

PHRRIY 5y e, — SR BV X TRAT B, AERA ) DX 1) Y BB R BT 77 1L, 50— JE R
DXTRL TE R, 33 = i Z (AR 7Y, AT By A A B SR R AR B, BRSO3
EiwEZ .
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B X RN &1 & A AR

AT BT TR, BRSO, FOR TR AL,

T kA 5, Bag 0] AF A, LRI P SRR KR AR I, 00 U B R
I, FE oty — 45 R iy B BRI AR o6 B B o o, S e — 0 7 T 4 A,
Mg O, S a1 2 RS MM, AT T 0

IF(ABS(X) .LT.1.0E-4) THEN
F=1.0-X%X/6.0

ELSE
F=SIN(X)/X

ENDIF

PR T i, A I BATDFAN RIS A7 i AL bR B A PR TA S, A I S B AN RE &7 2 15 n]
2%, BRI ) AR PR VR R WJ:&H ﬁE%onﬁifﬁ xR

f )dx = lim f( )dx

& XM T 2o IFHb > 1y > 19 > -0 15]11[]7@27% =z + 27", W BRI A5l
—NRA:

/ )y = / e + / " H@)de + / " H@)de + / " H@)de

s BRI IR, 24| 7 () m%&ﬁé&bﬁé%%iﬁ?&%ﬂ%??
BE SRSy RTEAE.
S B3, A7 O AT L o B A R R B AT BT 2. TRATTE LA

” ! cos(a)
COS(T
/0 NG dx
VEAR B e = 2, do = 2t dt, WA

/01 CO\S/(;)dx = 2/01 cos(t?)dt
% WLV RES

cos(:v cos(z) — 1 cos(z) — 1
dr = / / ——F—dr =2+ / ——F——dx
/0 vV 0 vV

o5 IR AT RO AT AL

TEt = THIARER, B sk et /(1 — ¢)IRMG, BlkAR 4

r -1 z -t __ ,—1 1 z -t __ ,—1
I(a:):/ ¢ dt+/ ‘ ¢ dt:——ln|1—x|+/ ‘ °
o 11 o 1t e . 1t

PP 17 S VA AE 55— T, ﬁ‘ﬁi‘zﬂlﬁ‘Tﬁﬁﬁ&\ﬁ
B Lt ) s IR R b, BT O B AR OE T BR AT AL, I AN 254 T
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B3 DX 1) 2 TE R AR
NHEERATHERP X 8 A RS . R R, R ek

/000 f(z)dz

R, Fee B Je 73 XA AR 70 2w A0 ok LT i B X
A # kAR B, w0 J0 55 X TE) AR 2040 o A7 BRIX ) B AR,
= —1In(t), dv = —%, A7

KHg(t) = f(—1n(t), ZHLO4 = OMIAREA A A, W ERAB O — AN EH BUY, A5
YU S9E 2 7T VR T AR AT PR TR L ) SRR ), AT AT AT R 5 R AR B IR AR ) T
M — oollf, f(a)Lhe I AL pREL, THALEE R0 N, JLe i A it
Hr=-L dor= ﬁdt

" f@)dr = 1f i _12dt (2.1.8)
0 s T\1i=t) Ay

&

T

PLJt = tanh 255,
AR HE X . )
/ f(z)de = lim [ f(z)dz
0 0

EX—PMaToolIFHN0 < r <1y < -+, Bl Er, = 27, W RIS 0] 54—k
-

dx = d d d 2.1.9

/0 f(x)dz / f<x>:c+/” f<x>x+[2 f(x)dz + (2.1.9)

KA A TR, 24| [ f(a)da| < e, ZabThaE Wk RN, AR AT
REBRR AN AT AE. B REIR BN IR [° f () daft)—MELFIOWHE 352X, W R B L
AT B L5 K, A, P LRI,

AT H A [ ROV, X R AE FATT R T U (0 e AR ) Ty v 4
T YA B AR A1 LA

2.1.3 &S Tk

TR AR 73 22 S BB 28 2Ry 5 28 24 5) IO AREIORS FE AR AIG, — > BRI LS, RE T4
R ACER EEI ~ 3, IR HE I, Xl m i Jridk. BATRE A m o Jr
IR EAR LAY, RS A ORI TS A K, X B BRI AT BRI [R] 2 W LS B AT R
T A A
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A PR X 1] e v B B AR 23 2 3K
TR A 5K )

1
/ fl)de = wif (x;) (2.1.10)
-1 i=1
WAL, o nr b 22 TG AR, 3 RO AR 9 R w MR R B
ENENINEPN AV PN

n

/_1 f(x)dx = %Zf(xi) (2.1.11)

L RN B 2/,

e TR VI PN 20 AR

/_11 \/%dx - gif (COS <(2i ;nm» (2.1.12)

1=

BRI NG RPN AR

/11 F@)V1 = 22da = n: : gsinQ (nzj: 1) f (cos (nzj: 1)) (2.1.13)

WHRA G X AIAS R [—1, 1], T [a, b], ATF]FH AR

v = (b;a)wr (b;a) (2.1.14)

BB Al [ 1, 1), SRR Fak 2 U7 57
PESEBR TSI, ARSI 1) 53 4 JLAS NI 1], 74— AN 1) py R R A4 A X,
JEAELE Bk

25>
g 5 IR PUM s ARy A SCHIRE R, R P 5 RS e o AR

s 1o U dx
+ L5dz, —_dn, 4
/—1 ! v /_12+$ v /0‘ \/E

2 1 -
/ e~ cosz(x)dx> / Sln(x) dl’
0 0 x

(B3 Bt B s SOBCRAE R T R P e ).

6 B BX. ] Ry e 3 B AR 23 28 7
P KR A 3

/OOO e f(x)dr = Z w; f(;) (2.1.15)
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19
KB AR
/OO e fa)de = Zwif(:vi) (2.1.16)
—00 i=1
X By 3 ) A iz i 2R 2 IR oK 2 I AR, FL B RX T PR A o ) 5 £ A B
KRR

%21

WG 5 IR MR R A SRR, JEA ] P i R P v SRR )

/0 1?_ pr dz, /0 e~ cos(z)dx

2 B v W AR O3 2 S BRI A AT

N oy N, BT AT RR B R 2
B . 1965F-Kronrod# i T & A i W 7 vE Rl W S I i vk o X —Fvk W n] B
AEPRA 8 A e AR BR A, RS B A BRI . fEMatlabth CUSEELIX
Sk, SR a4 & quadgk

flhn, THHER

& PR £ funsin, FF47 Afunsin.m

function y=funsin(x)

y=sin(x) .*exp(-x)./x;
end

fEMatlabfiy 2 % 1EENT N fy 4

format long

quadgk (@funsin,0,inf)

ans =

0.785398163397455

KR RS A R T

ey = 0.785398163397448
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2.1.4 A EERHE
EP B B B RV S TARE S ALE, Q) 5T A rE ek R SIS RN R 2
()3 A2 3% 44 I Kramers-Kronig < & :

€(w) = € (w) +iea(w)

2 o
a(w) = 1+—P/ seals) g
0

T §2 —w?

ea(w) = —QWP/OO é1(s) ds (2.1.17)

T 52 — w?

A KFRAEDTREHIRR, R T RIRCR, RAFFEHEK). /EYEE L, eo(w)Hll&E
MITHR AR LA AR S, DAL, — RO R = vt Sey (w), T2 I E IR OCFR Heo (w) 2L
PEREAT UH B

| idKramers-Kronigx 2 H LI P [ iACR FF VY EAEIY, Wa < ¢ < b, f(z)fie =
KRR TC T, WEF Y FAEA ) E A

P/ f(z)dx = lim [/ f(z)dx + . f(a:)dx] (2.1.18)
AR, T e = OFFR B [© ) f(2)da BB, 4
o) = 5[f (@)~ F(=), h(e) = 57+ F(-)

)
f(x) = g(x) + h(x)
T g(x) LA BREMT A () 2R H, T2

/_;rf(x)dx+[af(x)dx
_ /_;Tg($)dz+/rag(a:)d$—l—/_: h(:z:)d:v%—/ra h(z)de

_ / " h(x)de

/f )z = 2lim ()dx:2/Oah(x)dx:/Oa[f(x)Jrf(—x)]dx

IXFEFRAT AT ] 7 AN ﬁJ\E’JfrﬁEiﬂEx = 04 AT S — A RCE RS T ()t
Al RE e = ORbTJCAT A, MBI R — AN R 43 9 an iy 1 i Kramers-Kronig K & HY
U ST A

EP/ S€o($) s — P/ €a(s) d5:l/ eg(w—i—x)—eQ(u}—x)dx
0 2 0

T 52 — w? s —w T T

PRI,
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Q_WP/OO sl(S)QdS:ip/m €1(s) dS:l/oo awts) —aw-z)
0o S W 2m 0

T oo S — W s x
AR BRI RIS, FATTRIF T e A 15 B £ e 2 7T R AR 1) 58
24 RFPG AR DXTR] Y R TG A AR AN 1 — AN I, AT RUERR 2 X T 23 D JUBE, A4 — B
G — AT AR, R aesE—BOH Eid ik 5.
Ty M SR AR T VR H M GE SCH R, W f () FERV I X TR N o7 L, ARG
b To—A b zo+A
pf gy o [Ty [0y [,

r — X9 r — Tg 0+AZE-ZL‘0 0—A r — Tg
€E—

a

IA N AT A D5 S MR I, JE IR, WA AT — ik
xo—€ zo+A
a= / @) gy / @) 4,
zo—A T — X ro+€ T — Xo

Hf () fEzo RETT, FHEIMIY, 1521
Len = 2" (0)(A — ) + fP(20) (A% — €) + - -

B fRe — 0, 1531

A2n+1

2n+1D!2n+1) (2.1.20)

Iy =2) [ ()
n=0
R, AR Ao + I

23]
W R 5 )

1 e—x
P/O r—0.5
SEFAFEIA, 75 (2.1.20) P EH I, LEih gt RS RS E A, (B 1601 10K
i 4h 9 —0.6150181462805674 )

AR TS AR AR T R A2 5
1 1
7711{61+ P = PE +imo(z) (2.1.21)

Xty — 0PI K T ORI T 1A 10, X — A GRS ER 1R ST g . AT b
AR, AU LA RIS AR 1) Ak B S A

P/abF(x) do

B AN, WL F(x — in) de, LA P[" F(x) de RS T i e, 85t
ik, AT LA RIRG R EER PS4 A
i, AT RS, S B F K, HEEER W
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n N

0.01 —0.596196166026032 + 1.884174006156568%
0.001 —0.613114998941270 + 1.903350575685698%
0.0001  —0.614827622300549 + 1.905260181139026%
0.00001 —0.614999091791223 + 1.9054510572335412

2.1.5 IR kB
FEA AR B 2 B AR b 280 o1l 21 SR s BB 0, i, A B AR 4

/ab f(z) cos(nx)dz, /ab f(x)sin(nx)dx

SChn A B — DUZE IR A2 4t

1
| s
0
KO < v <99 < -+ S DTFEIR BB AIAR.
—FRIRATATE IR 2L B S Ny
b
I(t) = / flz)K(z,t)dz, —o0<a<b< oo (2.1.22)

KK (@, 6) ) — I %10 f (o) M ARG & 0. T3 Y s BAE R 23 DX Ta) A 22 TR
JUPAHAE I TE BRI A (8, 2 SRR 38 85 1R 7 VA V5, D00 E T 1 RSO N, g R R - (R 4
K, JLFASA R IERH Y 4

NI SE 4 Y B A B B4R T R R AR A U R E A Sk, RS TR
B — T
REUES (ks
A B R B R BOE N .

/ f(x)e* dx (2.1.23)

Xt BRI, BOE f () AL H BB K 34, LA 21

n—1

b QN R nel g L
/ f(z)e™ dx = e Z <g) 8 (a) — et Z <;) fE )+ R, (2.1.24)
e k=0 k=0

A TR, RIUR,ET0, RAIUHEL 1T B HL M.

Z5>
5 (2. 1.24) %) S5 R RS, Eﬂfjf(x) cos szdx %ﬂfabf(x) sin szdx AL A
.
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B A EE L f (2) K E B — 1B 13 H, 18T RO 2RI R BOR UL, 82—
RER DR, AN H v SEHUREI AR, TR S B OaR’ a2 DWAE. O TR
IR, BATRE — 7. o

2m
I= / x cos(z) sin 30zdx
0

AR @124 R, Hln = 3, Hif(2) = zcos(x), a = 0, b= 2m, f(0) =0, f(27) = 2,
f"(0) =0, f"(2r) = —2m, AAAFFE:

1

3
—27) = —0.20967222
%) (-2

2w 1
I :/ x cos(x)sin 30zdr = ——27 + (
; 30

AR 53 RS AL —0.20967247.
ﬂ" Euler-Maclaurinos X 6988 & o] LLUE COLEATIER, BR800 Chr ik pR Zoiit
wy B » PR () AR 23 AT LU

a+mh a
/ f(x)dx:h[ﬂT‘P+f(a+h)+---+f<a+(m_1)h)+

+ Z kBk fzkfl(a +mh) — sz’l(aﬂ + R,

Hor
9(_1)n+1Bn+1 (2n+1)
(2n 4 2)!

XHO <60 <1, B,&Bernoullift. R f(x)2MMEKE, f(a+ mh) = f(a), Hf(2)fF
EHE2n + DS, WERE ) (a) = fCD(a +mh), TH&, FIHBLEIEN
AT 2RI 45 R AE 081, BRI T, BRI S Ry, IR TR &5
R

Rn _ [f(2n+1) (a + mh) . f(2n+1) (CL)}

1

1

/ —————du, Fififd = 1.15470054
o 1+ 3sinl0rz

Bessel R IR K on 2 — &

1 T
Jn(t) = —/ cos tsinz — nx)dz
0

™

WHn =2 t=1,3, 7, 100 Bessel t& X 1I1H
H Euler-Maclaurin A 38 77 %1, Wi — AN BB L f/(a) = f(a + mh), fP(a) =
f(a+mh), -, WERTE AKX DU BRI E5 H . Bl R4 f (v) = exp(2?(1 —
2%)), ORI L FIRSCHR, M, wTEARBRE A 5

/01 exp(22(1 — 22))da
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XA FRGHA 25 R 5E1.03414105, 18570 73 U BB TR AN S ARVATHSOT LU L 45 R

%Em&j*ﬂWmWFW%K@wzomwﬁgkﬁjbﬁmgxﬁma<m<
, < b, WIR] S A ARy I TE S S B3 [0, R A R ke k. TR ik
159 20— ot — AT A, BB 4800 {8 P B e, HoskATa] Fl Euler 28 e i1 5.
(Euler AR #¥EAE 5 11 1118)

TEVF T REAARME 2 S5, BTGRP T REAAR A TSR (2.1.23) 1 s vk

HZ 71k L2 E (P, J. Davis and P. Rabinowitz, Methods of Numerical Inte-
gration, Academic Press, 1984)

2.1.6 EHERSHIE
e ERL A R ) ] DU Ak Bl SRR A A R BT, B, 6T AR A

Iz/g(:}:,y,z) dxdydz (2.1.26)
Q

ForpQ AR X, S n] AR

b f(zyy)
= / / (@, 2 (2.1.27)

AR AR S = A — BB, & — B DA — U AR e B e . A n =% JE sl v]
RN, X IR o S B AR 2 F A BE M AR IR se . R AR L0 AL (X
—ANAEE N, WnER 10N A, Rk, X — ik R TRV E
AN NIIE AT

e AER 33 AT LU v 5 vk B, IR L B AR E A e R g A AR RIAT. 36
T > 3T 4ERR Sy, VSR A 2R, A SRR T BORS B R AN, ﬂB/A\Tu%Uﬂ%
S5 K R R i Monte Carlo J73%. H4b, Wi vl g, W5 vl BE s b A 9 24343, DL
S GNTRG A=Y

2.1.7 [EHEHEERE
EEFETALT, MR E il RS H

T ©4/T 5465
cveomn(g) [

Nhep HEFFREE. 4 TRAGHEE, & 25 EAh B, B 1A
M0q/T < 1 8Oy/T > 1 WA REMM UL, —BHFOL AR By 5. e

T 4e§
@) = | e
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A A2 BN J7 VR, o DO AR 23K AR, IR f (o) R BB, O 1 o 5
oy, VERBIE = OB R By vl 2537 A1, DRI, AR 12 RS AR e BT € AL
M€ — oo, BARRBIREORN. B0

B o0 5465 _
FAT AT LR s 1A 19 K /N 23 50 T A R i 9ok B, B M, Hz < 2 I, HRSHEE,
M > 0, TR f(00) — fi(x), Horh

o0 4.£
filx) = / (ef_e 1)2d5

e AT AR IR s, K f () IO RE U, TSRS FE 2R ) UG 28,
Pl ik Fr, = 10, x < 2N, HIEE TGRS f (2), BORLRECh

{52——4+2% 0<¢<0.05

S 0.05< ¢ <,

M >z I, W fL(x), MIRDAFR RS =n4 2 W

e [T (p+a)te
filz) =e /0 mdn
XA AT s R R TV AR A AT R R F AR T e B f(2) ~ o
4 B

2.2 JiRERSKRAR AR T 15

7 R SRORR 1) A A BT B e B B ) i TR RO B, ek
B TR A BT RO RN, XA O 2 A S F A E, T B
Uicos(x) — = = ORXAFMI AT RE, BICILIR BT MR, B vh 50 L2 SRAE AT
AT B SO T (R ey 3. AR, BATREAT I LR R M f () = OBIRRIEC Ty
% AT RER TA S I E 2 Ab, it — Rk g 2 o0 BRI ROT %, DI, St
WINERIN AR DR A2

2.2.1 T4

PR SRAR T RE I B i Ay, W S R R BRI Uk, e T DO S TR SR B
TERIMUG )85 m DRI

e ATRIELEX e < 2 < b ZWHA f(x) =0 FI—ME, MR f(a)5 f(0) 77,
X532, Bl % = (b+ a)/2, WWEf(e)WME, 47 f(a)5 f(c) [R5, WHRTE]c,b] Z1H, 7
W, ARTE [a, ] Z 18], KR P75 i DX TR A2 bt i R 1 3800k 21 P i R R

)
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2.2.2 ARk AN 28 vk
LETT A — JCRR HOCRR vk, AR iy v 2 B (AR HERE I — . LA R XA,
W€ f(x) = 0 MR Az, MIEATE — A2 BSENAEY,, f(x) Al{Ex, T REIT R %
e
f(@) = flzn) + f(wn)(@ —20) + -
W Jem R I, A EAXCOhO, A e, B EE e AN SE L RIEAL, e A, ., T
f(xn)

Tyl = Ty — Filon) (2.2.28)
X, 4558 — A I E e, PR THEIEAA 20 AR
S () (2.2.29)

n

A0SR ARICER, WSS T f () = 0 B9 MR X3R4 3 [2.20) 2 35 44 1 7 1
A AL
T LLE B, 01 AR S S B I (32 2 We, = @ — %, W0 + LB IR EE Nepy =
€ S WAL UL, AF BTl UEDTI R dik AR AR (2.2.29),
xn
——
enf'(2*) + zen f"(z7)
fr(a) + Enf;%w*) »
. L") 5 (@) ,
v <€”+§f’(l‘*)€”_ f’(x*)e”)
1)
2 f'(a*) "
TR R, WREWI . AER, 5y T, TR WA, AR AR SR
S, T b AR B B BN T, DRI, 1 S B A I, 0 0 — A o,
g ST A ST 0, 33T LU — 44k 15 A 055 45 A e R LA 5 k.
W10,
L f(z) =2* =10, f(z) = ORI RE K. WA Ez = 3, f/(2) = 22.
AR T T

~ z¥+e€, —

= I'*—’—

3.

3.166666666666667
3.162280701754386
3.162277660169842
3.162277660168380
3.162277660168379
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R I A E R R R RO R E S ) S B, T SRR ROk B, X2
PE 3 BRI AR, D4 7 RICR KRR OSSR E , SCIE G JBRIGTFR) 2 8vt58E, T LAOK 2
AR, 2000 2, A 2 R i fo#12ak.

Tp — Tp—1

Tyl = Ty — o) = f(xnfl)f(xn) (2.2.30)

R E L AA RIS, (HAA & T B 5, 0SR  E LRI S A e SR . AR —
ANIAEGR ], TS X SRR I E N IR B SRR

%3]
UE B EI ISR ey ~ L6185
53 AR BB SR 7 VR U 9Stewenson /7, I R

Cpiy = T — f(@n)?
T f(wa) = flan — flw)
N2 0 IR —FVE PRSI o 2, GFUER), T HANTE 2058 5480, 2 — MU .
WRHAV10.
A f(x) = 2210, f(z) = O E IR Ko W EH{E2o = 3. H Stewensonik
EREE R

(2.2.31)

3.

3.142857142857143
3.161965423111920
3.162277578113566
3.162277660168374
3.162277660168380

2.2.3 —4EHElb, HEnEE

KR BA R S LA T vk, s S H b el A AR (0 vk AL T iR AE
PR b AT o 2 (R R, pR B SRR ) st ) A0 — AN e U AL ), 9 4, 5K e
Hf (@) = ORI IR 5 K HARBR BN F (2) = f () IAR/AME R In) EEE Y, 1077 #2240

fi<l'1,$2,$3,"‘,$n):(), i:172737"'7n

SRR T )
F(xlaana“' 7xn> = Zwifi(xlyx%"' 7xn)2
=1
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MBI S, X w,, 0 =1, 2, -, n —ABESEL 3E 1N o] {505
oy HEAT, AB R AL B AT S

KW IEAVEH B A BA R H AR 8 B S AL i) L B2 AT — H AR e
W (x), BATRESS TN a = o, 43 HR R (o). X—TAER LAy p2b
KTERE, B, FATE Kt H FR s BRI ST AE IR B, B, B S D) — 18, 12
= e < b <o, WEHEEF () < F(a), F(b) < F(c). % NHLEXAa, N T
o1 () B f/IME.

S0 RN R R, BUE A e, b, BATT LR F(a) RF (D) LA —A
BB N T ), R R— R, BUE F(b) < F(a), SRIGHER/N T I ardE—2, 21AHH—
Mo, — e = b+ 1.618(b — a), WERF(c) < F(b), W4a =0, b=c, 4ksurit, FH
fRlc; WERF(c) > F(b), MEATHI H I LA 2.

NS S, BN =Ara < b < ¢, F(b) < Fla), F(b) < F(co)ii k&, F
R F (2) IR Mg, XHEAAGTE 0TI FHWD SRR, SEPr B2 H-— 7
AN i /N XA [a, o, HORIER N i — B T XA 2 . X fE i) BLX R e e, e
Ak T, 158 =4 mia, b, AR ) H AR BUEF (a) > F(b), F(b) < F(c), ARk
B, B e — b > b — a, FEIXTA)[b, | Wik — piz, IR F(z) < F(b), WEAHa =0, b=z,
BN T X TE K [a, o] (RIJR[D, o], 30 DX TR O i [a, b]); WRE(z) > F(b), WAEA
Hrc = x, B4/ T X84 [a, o] (R R [a, 2], Z4EXIE80 IR [z, c]). A BUE T Q] ik
Fro, —NARMMILE, ABF(r) < F(b) 3F(z) > F(b), ZIIX A, RIZEEr,
it

b—a=c—z=w(c—a) (2.2.32)
K w AR 7, AT E e, BT 2kE B2 LR CR, BARA
r—b=w(c—b)=w((c—a)—(b—a)) =w(c—a)—w*(c—a) = (w—w?)(c—a) (2.2.33)

G351, i (2.2.32) n 1
(b—a)+ (c—xz) = (¢ —a) — (x —b) = 2w(c — a) (2.2.34)
Al
x—b=(1-2w)(c—a) (2.2.35)
i ([2.2.33) A1(2.2.35), Fedl 145321

w? —3w+1=0 (2.2.36)

H1 LA,

w = 3 _2\/5 ~ 0.38197, 1—w ~ 0.61803

1 — w JHH PR B0 BT & — BRAEIT AT, a, b, c=FHIF AL THE
FIRAR, HJLIGENE, X RAMA AL, JFEHE — HORER.
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2.2.4 ESdERPAL, EPREEE Tk

X 2 Y U A . X T A E e BRI HER R F (21, 2, - - - ),
TATTH H 2 Rt — 2l (a5, 23, - -+ 2) A HARBREGE BB /N, 0 7 318 1) ) I i,
N x AR EAS A i, LA R R ] AR IR D, - n 4EAS TR ikt A
13 HFRRELF (x*) f/).

e Y s AR ) AT AR 22 SR 78, AR R AH A ), IR AR N — Rixo Kk, 121
SRR E BT 10 po, F—HESRALAL I TR T R BB (x) BIR/D Rixy, GREEIX— TS F5 B 3
BB R A7 Sl B ikx;, BOEETT 0 py, WIHT X TA0 R SRAS. S2bs b, JATH
H—ZH,, 13

F(x; +t;pi) = min F(x; + tpi) (2.2.37)

WIxip1 = x; + tpAEAPTR. I, mdEm Ui i A R 53256 b R B R4 <3
Jr . AN E R HEWT RS AR ROE R % F R RN B BRI T 1)

p; = —VF(x;) (2.2.38)

YER 4 T5 ), X — P vERR R s B Bk B AR S AT B2\ ok e Bk B ) e — il
FRAR S0y 10y, SRS AR L, AT RS ) AR AEx BT T B o, i) A
A R U, BT R 2 R BT ). AR —AN 5, 5 B eR ) B
1k:

F = 2* + 10y (2.2.39)

AR, BB B (0, 0). 86 K0 E239) 0 SUBBE Sy
—g = —(2z,20y)" (2.2.40)

ISR M (2, 1) H 5, R BE B S A T
(2,1), (1.792829, —0.035857), (0.461013,0.230507),
(0.413259, —0.008265), (0.106267,0.053133), (0.095259, —0.001905),
(0.024495,0.012248), (0.021958, —0.000439), (0.005646, 0.002823),
(0.005061, —0.000101), (0.001302,0.000651), (0.001167, —0.000023),
(0.000300, 0.000150), (0.000269, —0.000005), (0.000069, 0.000035),
(0.000062 — 0.000001).

B4, WSO,

B R S AR T W7 ), 4 T OB e S 1, 7 85 SR Ay
0. o T I — > ST PSR, %A — BRI, VI B — AR SO B/ A I )
T KBRS, R AN R M 8, DT Mk — R e B A %,
A SR A R R R AN T T, AR 3012 — M e 2 A P T SR
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FYCEARAESE 73X el N, FATHIN IR e T SRR LU R N BT L
b, FATSEEE LA B e B
E B 3 NYERR UL AE2 8] FP ) 1) R q 5 NS i)

P1,P2, " ;PN

HRIEAT, W 1) Frqie 0.
X B e AR
JESG AFRBERE. BAR DN x NIWFRIEEREE, p, g 2D NYER &, 3,

plAq=0 (2.2.41)

VIR ) B p AT ) g L ACHE R L ATEAL.

FEH T A ANN < NWFRIEEREE, p1, p2, -+, py W AISPERI NAESEZ i 5, UL 1]
AL R BT

W] W EHpy, po, -« -, PN IAAFEENE R R

Oé1p1+062p2+"'+OéNPN:0
Xi=1,2,--- N, Hpf A/ 43
OéipiTAPi =0

K Ap; # 0, AIESE, FrLh

NITEZ%E}

-[H:‘? ﬁiéﬂpla P2, -, pNng‘]\izmj
A7 LA g, AR L& IR R UK S A 1) B, AT H S e —Fh R BT

F(x)=a+b'x+ %XTAX (2.2.42)
P A R 5 @A) B
G(x) =b+ Ax (2.2.43)

xR g = G(xq), Mxo it A, X F 58— 407 1), BB ATl A5 &,
FATH I D = —go, WHILIT R BIB D sy I AT SRAFIX — s BE B gy, I hxq & WTpo J7
] BRI AR /N R, X — IR BE TS 1) — 5 i poTE EL, @1 L po, ATTIg: L go. IUAEH T ANTT
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I, g1 Mg, FbBE N FEIRIEBCH K 16 —gy . FATTOR BSOS 10— i B i =
7 18 H X A5 1] I AL

P1 = —81 — ®8&o (2.2.44)
HEKpy Hpe A ASHE, N A
(—g1 — aogo) " Apo = 0 (2.2.45)
RN
X1 = X0 + toPo
)

g1 — 8o = A(x1 — x0) = toApo
— W, DI SR T 8 Ay ps, D[R] EE AR

git1 — & = A(Xiy1 — x;) = t;Ap; (2.2.46)
PRItk P (2.2.45) 1k
(—81 — o))" (81 — 80) =0 (2.2.47)
HH A5 e
ao::gégo (2.2.48)

oA [R.2.44), 75 5p,. Hrp KM/ fix 5 g, T pofip h AFLHL,

st @27
goT(gz - gl) =0
& Fgo g 1IEAL, glgr = 0, BT flge SgehIEAL. Blxo st Wipy J7 1 A /N £,
E&gg 1 P1, &?}EIEE'Z
gl (—g1 — apg) =0

Blgy L g1. go, g Mg ili— N IEAS R, FATT AT PALEIXAN 1FAZ ZH A4 i 1) = 4 23 i) =3
K5po, p1#INA L T3 py. 4

P2 = —82 — @181 — Sogo (2.2.49)
BRpo 73 il 5 po Mpy A AFEHE, Wl EER AR TR RAL

(—82 — 181 — 5ogo)T(g1 —g) = 0 (2.2.50)
(—g2 — g1 — Bogo) (82 —g1) = O (2.2.51)
(2.2.52)
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B :
m:?i,%:%m (2.2.53)
T
P2 = —82 + a1p1 (2.2.54)

HUBGE Cak A po, p1, - -, pyy

Po = —&o
Pi = —& ta_1Pi—1
i1 = 8 8i/8i 18
i=1,2,-,j

ﬁiﬁ%%go, g1, ", g]%u‘ﬁxﬁﬂ/?ﬂ*@ﬁk*/l\ﬁﬁfé ?}nlpjﬁ% ﬁXj+19¥Fﬁ tng+1 =
G(xj41), Wgjp1 # 0, WATHIATIIE, go, g1, - -, gj+1 WHBIEZR. &

Pj+1 = —8j+1 — Bogo — Big1 — -+ — ijlgjfl — ;8 (2-2-55)

#g‘j\zpj+15p07 P, -, pjj"jA;j\:gE7 EI]

(—gj+1 — Bogo — Bigr — - — Bj—1gj—1 — ;&) (gj11 — &) =0 (2.2.56)
1521
a; = gi181/8] 8
53'—1 = 0051,
B = Q01 O,
fo = ajajq---aiag.
H
—Bog0 — B1g1 — - — 5j—1gj—1 — 0,8
= —aj--ai(ago+81) — fag2 — - — g
= aj (P —g) = — g

= a;P;
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Al
Pj+1 = —8j+1 + OP;, O = 8;118i+1/8; 8 (2.2.57)
WAL, FER257) T4 = 0,1,2,---, Fifd kA 4. B i N
FEN D ] 4% ) bR (2. 2.44) (R AR /D £, IO TR R BT Mg AR IE RS, Blghe, = OXF T
7 =0,1,2,--- N — VESROL, M AT ) @HENYE= 0], Mo Hgy = 0, IFExy e
@A D .
AL PR ILHERE L7V, B b, R ek g, RN OGE AT BLIE 2R £

FREREL, A BRUC(NIR) IR AR AR — M A BRIk BB /D o5, PRSI BR VS, A —H046 s &,
RN UG, DI85 o0 R i, SRR T, E RSO Ik
SCHERBFE Tk e T AR, D5kl s, gm0, AiCe A 3 e o B Be e 2
VE R, BT 1125 FE R TR (49 78, 6 e e + 1092, Bilx = (2, 1), Milgy = (4,20)7,
Mpy = —go, KfEx, = (1.79283, —0.0358566)", g1 = (3.58566, —0.717131)7, oy =
0.0321423, H A Hip, = (—3.71423, 0.0742845), ¥ip; J7 18] 3K #3x, = (0.000000, 0.000000)7,

>

2 ) 3C BB LV A RE P 5K T R B8R B /ML B bRV,
F(zy, - 2n) =1+ Y [100(z; — 27 ))* + (1 — 2i-1)°] (2.2.58)
=2

Hn =10, EHEWIH R N, =i/10,i=1, 2, ---, 10.

2.2.5 AR

HT L1 B it A 2 o A A DAL Il e, S P B ) il o 3 2 25 38 B 2 R e il ik
), LHCEARR, 4 — BRI (21, 29, @), 15— 8 BIZRT SRAFILA /M,
LIRS Ak . [

{ F(z1,x9,--+ ,x,) = Min

(2.2.50)
Gi(x17x2,-..,xn)20 (’i:l’Q’...’m)

Arhm < n, m NG (v1, 2, - -+, 2,) REm AL FRPL TR 0] 811 35 A%
e M3 — AN BRI A, FE LA AL 1) SO — e A AR e DA [l e, SR 5 R i T ) 5 v
SRAR. B I, E i

F'=F+> \NG} (2.2.60)

i=1
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X F AR MN, (1= 1,2, ,m), F' AR MERAE T 77 @250) 5 X024y 0
Pt 1a) .
B L2 8w, 2, -, xy W DB DN KAEF FIRAME. ik, FRATHE K A
DI RE SRS X 8K, AR F AEDANCE X, WM 78 30 E . RN E kG h
o { 0 {z} €D
>idai {z}¢D
U T 5 + GRIBRAME RT3 2] in) 8 R . (A XA v I N W RAE DA F s
AR NI, GIIZE BB MEF + GHEDAM S Bt . 2 @261 % LA —Fh
Refrdse, SKhr EGWEFETT LA LS 271

(2.2.61)

2.2.6 H/p ek ML RlE

FEPVER S, R R R R IRIOCR, AEATLENG O T, X B R ) ) R
HORRZCHM, BUFETDRMSEL, A oMy AR XY EE, T

y=f(r;a1,az, -+, am) (2.2.62)

KPay, ag, -+, am A—HRINSE, FINREUERGE DRI, FERXMREO0 T, &1
55, RARYE (2, y) N AR A

(x17y1>7 (x2)y2)7 T 7($N7yN)

K S Bas, (1 =1,2,--- ,m), WARNEHEARE, WE—H (v, y;) HNEFIBEAE
Highek b, BN

yi:f<xi;a17(l2,"‘ 7am) (221;2, 7N) (2263)

N T HE Wa, WOAE, 8k (2.2.63) FIm A5 SR AR R AT H S bRl R A R 2R,
(i) FERUERITETER R M2 L, TEN > m IORS00F, 7 RLal [2:2.63) Wb 76 Iy R,
ANBEHAE TR TR S M an, as, - - -, ap, SLBEF] -BERAUA (19 7 VA AR 9t A7 3% 22 R OB
{H SR AT B 2 S B Al .

TEAR 22 S ) @ 1, o My X PN 3R i — MR ER R — e 2, H
45 72 W DA 20 AT AT DO N R 22 I R A AR e, JOULINE T A AR AL A Y,
SEF Ay, SRy Ay, & — A BERLAR B (B ), I 2 vl th 5 22k Ak o

WY ER A L BB 5 A Bl i 2 LA (AT 55 B iy Rl 19 () R B5O% R S, 2
MO SRy Flz (RECOCRI— 2R A, —RAEZE R IR — R BUE{ ¢i(2)
} AR A

y=> i) (2.2.64)
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R H PG TR N R a,. BRER] ¢i(x) } 30H W BEZE FERIBEL, — i H
TR RERL 1, z, 22, -+, 2™t } T Em NS Bl =M 1, sine
cos x, sin 2z, cos 2z, - - -, sin2mz, cos 2mx} A TIAE2m + 1 NSEL. XP 7 LR N L6t
WG, Wy LV T2 80a;, X TH LY BRI R, g il ()RR EOR 2R P AR 1 i A
W S8 a,;, BN

y = aje” " + aze” " sin(asx + ag)

Hiot M EAT6AN S HUN AR MG ) L
240538 HOR Y fe /D s, R (RN R 2 ) DL, I S (R 26 e
AAEZ iy FE 5 B (R 2 22, R

0 =y — flzizar, az, -+ am) (2.2.65)

AN Ey: K72 M7, W SCHACE N 7

_ 1
w; = p
X2 A SR ZE R IR 5 0,
N N
X2 - Zwla@z = Zwl(yl - f(xla ay,Qg, - - aam)>2 (2266)
i=1 i=1

2 9002 10 B /D ReVE B L LAy S HRR BR B AR AL ) A, B0 SR A B B, (0=
1,2, ,m) fix® K/, ARSI T7 22 R AN S OU R, 7T AR w,; = 1, ] DLAEfE—
LI 153 22 W JLYK, DA (s ) M 2% s RO IIART, T A (3y2) — () A L5 2.

TE M2 04 e b B PR P B B @ R 20 0 A 3%, 3 T 45 5 ) B SR R )
Bl EE, o AA T 25l B 4 % L PG 1 W R 5.
ISR e —REil ) 7950 F R PR B, W 25 A R IF AR 24
X 0.0 0.1 0.2 0.3 0.4 0.5 0.6
y | 2117 | 2.634 | 3.459 | 4.671 | 6.600 | 9.978 | 15.893
X 0.7 0.8 0.9 1.0 1.1 1.2 1.3
y | 25.108 | 30.979 | 25.768 | 17.363 | 12.031 | 10.454 | 10.280
X 14 1.5 1.6 1.7 1.8 1.9
y | 11.012 | 11.138 | 9.745 | 7.576 | 5.598 | 4.165
O PR S AR bR AR (OO R FR B A5, T LA B A N, e, TR
HLorentz JE 4 22404, BPENE L A 0N

aq 4 Qg
r—a))?+ai (r—as)?+al

YT
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F BRI E R B T 52, IR BRSO vkt 2, RIS RS EUE N

a; = 1.210 a9 = 0.800 as = 0.202
ay =0.776 a5 =1.502 ag = 0.295

FERRAM, AT sedem th 7RI 4 R, g th T A& G,

40

Figure 2.1:

2.3 BREMKME

FERUE VS, % 20K LepR AR, 28 M ROA) 55 R B = A iR B, e Bk 2, XU
7 o8 550, O0h AR RS, 3 CE N EHUTE R SR PO S R R, A AT IR L U R
AT 1 e BN ZIE N B H O, AT - SeAE Y B A 2 H I IR R
BOARIE KMV IEANE I RES Y. — SR, oL P 8 pR Bt h e et i, 3
RCREIRG BEAAR S, DAL, W R AL 5 2408 17 Pl 1 R 8, U RSB A X 28 ey
2, PSR E DA T BN UAR ZEAN S LI L8 o BN (R Ah TS

2.3.1  Z ISR ER M
FAGE2VE S ME RS H IR SINn.

p(z) = ap + 17 + ap2® + azz® + - + a, "
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N T (o) B i BUE, BT He(n), n =0,1,2,--- ,n RAREZ I R 5L, W
AUS T ETER). n = 48481, B#SHFORTRANIE 55 H I H
p=c(0)+c (1) *x+c (2) *x**2+c (3) *x**3+c (4) xx**4
X IRANGE AN UF ISR O AT A7), B SE S Nl
p=c(0)+x*(c(1)+x*(c(2)+ x*(c(3)+x*c(4))))
p=(((c(4)*x+c(3))*x+c(2))*x+c(1))*x+c(0)
AnBORIN, AR R ) B

P=C(N)
DO 11 J=N-1,1,-1
P=P*X+C(J)
11 CONTINUE

FERMIT Y 3 R 31 20 R AT ) 8L, il dn vt 5
1=0

BATARA T REVH 5L TC 55 2 30, Prr LR G0 7 AE B ARAEMT, U R B0l SR 1,
SHHARZ I, —Jr i KR CPUIN R], S H ) o S IR 2 I, S AR
ZEM R R T HESE IR VL. O e 2 HT I e S i 50 7. Altken 552
IR 32— B R AR AR (1) = AN 3 FIEAT AL 3, 159 31— AN AP AL 30 &6 53
A

Su=) u (2.3.67)
=0
I)_I\IJ E"ElSn—la Sna Sn+1 ﬂi+ﬁl‘ilj
/ (Sn-i-l - Sn)2
pu— —_ 2- .
On = S Spi1 — 25, 4+ Sp_1 (2.3.68)

Xn = 1,2, 3, -+, Je RS, RIBEHS, — &S EP ST, 78S bl
(2.3-68) fctef FI'5 IR FE A, — 208 RSN a7 T BE S SO I A N .
Euler 2 #t

X 208 A HE

[e.e]

> (=1)u, (2.3.69)

s=0

KB, > 0. Euler Z8HE— AT SIS, €l R34 H (M ) 140

[o.¢] o _1 s
D (1) ug =g —us e — Uy + (25+3 (A%u,,) (2.3.70)
s=0 s=0
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Au, = Upy1 — Uy

A%,

A(Auy) = Upyo — 2Upi1 + Uy (2.3.71)

TSy, @3 70) TS W T
& XA HFFE N

Up+1 = Eun

BT (1 + A)uy = Uy + Upg1 — Uy = Uny1 = Bu,, KA FFFEER

E=1+A
1]
1
UO—U1+U2—U3+~~:(1—E+E2—E3_|_...)u0:1+Eu0
1 (1)
- 514—%“0:; 25+1Au0
2.3.2 EHAKMRME
PridiE sy, 2Fath F A R
aj
J="bo+
Qa2
by +
as
by +
Q4
bs +
byt —
4+b5+...

B FAD EMOLIR Z 09T, X — DR A R R sk, Br T B Rk =UAh,
MNATTE L H AL o —Flid i,
ap @y a3 Q4 Qs
bit+ bot byt byt byt
XH, Afa, Ao, WATLLEr FIRREL

H T3 43 20 BE AT 7] e SRAE, DRI AE BARTH 2 1y, AR ME A — AN JE BR 13 29 X
RAEAT RO RRWT, — B TR RIS — T L, Sk — AN, FE—A BEOR— SR
W v, T8k DA [ A T Ak 1 5 SR AT i . X AR — AN VA. T —

=10+
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PRSI i IR A0 50 B BOIRIEGE 2> 3K, T f, otk 558 a,, A1, 1)
2y A, M-

fo= 5" (2.3.72)
XA, B, N e U4 H:
A—l =1 B_1 =0

Aj=bjAja+a;Aj o Bj=biBja+a;Bjs j=12,---n

4]
TR R (20.79)9F 5 L SLBLRE

2.4 W TR BE L

WA T REAE B A v HAT TR S U R R R AL B R A T R, 2R
— B PR B 44 ) AR ) Rt LA R T R AL B T R AL AE T e
FHLZN Sy e g 15 77 15 S MaxwellJ7 B2 75 25 42 8453 2] 1 Jr i Sturm-Liouville Ak
B ) 8 B o T R SR AR IR R AR X — R, FRATTREZ ) LA BB SR A T
J7 R T

2.4.1 Euler i

3 043 7 R A

dy

y(0) = n (2.4.74)

BRI — 0 R R AT N — A2 JiFE, ik, ke BU— 45 Az,
n=20,1,2 -, 20 =0, Tpi1 = 2, + h, XEL BN EFPPK, 8y (o) fEa, T, H

Y(@ns1) = y(zn) +h Z—Z + O(h?) (2.4.75)
R R [R.4.74), T35
Y(@ni1) = y(x0) + Df (20, yn) + O(R?) (2.4.76)

Kt A Buler 2404 X, Mo = 0l &, FIHIX— 5 fE— 22— S Hmar i &, stnl LLS 2]
T2, o0 R E Uy, = y(z,). Buler Jiik2d— N R0, B + 200y, S A
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Tan, yo BHE, 1 HAE D HE W E IR f (20, yn) FME, Z2Euler JHERILRT, HI5—
Jiil, Buler JjikWAFAAE BERIANAL, I 52— RN (B D R ZETUN A (5L
B, |Ay(xn)| ~ Nb* ~ h) , FrElh ZEAF A E /0, EAORUEAT IR ORI, fH20 K/
I, AR B T0E M W AR 220 ITE B, s AR ZE IR R0 S A E S 45 R R
BT IX — J5 R, RSBt b LA FH Buler J5 v, T R FE4E S B ) fa] S R &
FARERS R

2.4.2 JEH—EER Tk

FAT i ARG B B BT IR O Jeks— PERS T3 ik, Mo — Pl gy, AiIfEsben th —fr
Jerk—PERS A RIHE S Nl deas A LU E AR AIHE S, RS FEA ARl S THE 2
BT TR BN R GUHE T Ik, Ay B R 2 A AR 23X LA A I VAR B, DOSR2S—
Je =, O H BT SAARHE %

F—Arafg o WORIT S, 0 = o, + 5 Ry 0B S5, ARG 2

Yn —Un
Y1 = +Z + O(R?) (2.4.77)

T Taylor JETFATMARE. 36 ESCRSIASEE, JROAY,,, = F(e s, vss). 193]

LT AN AR AR, AT ] Oy sinAlin + LA IR R R0 4 5 &b
%%7 j‘jjﬂfh ﬂ]—:l‘f<$n+%7yn+%) iﬁ]f('rn-i-l?yn-i-l) En ){—:T\J{:?'E}I:Z

h df

f(anr%aynJr%) = f(xm yn) + 5% . + O(hQ)

f(@ni1, Y1) = [(@nsyn) +h % + O(h?) (2.4.79)
BT 2 e DA2gs 2228 — 5, BB E 15

1
f(xn—‘,—%’ yn—‘,—%) = §<f(xn7 yn) + f(xn-i-l; yn+1)) + O(hQ) <2480)
R
Ynt1 = Yn + hf('rrw yn) + O(hz)

e

f(@ni1, Yn + hf(Tn, yn) + O(h2)) = f(zn 4+ h,yn + hf (20, yn)) + O(hz)
S NEEE

h
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XA A% EEAR B, e T RLE I e RS e + 1 IR BB
3R

F AT 7k PO IRATE H 2 M OIS tn + 1 AR IFZOREE— 2D 1%
ZENO(R?), Preda] LL— B IHE 7 70 aUE

Yni1 = Un + hA (T, yn; h) (2.4.82)

Hrp

2

h h
AT,y h) =9 + =y + =y + ...

oY
2 3!
IR T — R P (20, yn; W) IEFA (2, y; h), HAERT
(I)(Z'n, Yn; h) - A(xm Yn; h) = O(hp)

M43 2p B 22 0 # 2X
XFFp =2, Bt

(z,y;h) = erf (z,y) + cof (€ + hag, y + barh f (2, y))

o LA XTh R
of of 2
O(z,y;h) = crf(z,y) + caf (z,9) + hey {aQa—x + bzla—yf(x, y)} + O(h*) (2.4.83)
%*ﬁﬁ . 5 5
A(z,y; h) = f(z,y) + §h {a—i + a_chf(x’ y)} + O(h?) (2.4.84)

b (2.4.83) F1(2.4.84), HEE(R.4.83) hi RECH L FIRICR, whAEIA BB Z K.

ci+e=1
1
C20y = 5 (2.4.85)
1
Cabyy = 5

77 FE(2.4.8) MR I ANME—, WL B, FHH 2 A REAT UL ER. Hk, 2o = a,
)

cq=1—«a
1
ay = 2% (2.4.86)
1
by = 2%
Mo = 1, 5

1
01257 ag =1, by =1
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h

XE R MINER RIS RAF. o =1, N

1
¢ =0, a2:§, 52125
ZEor kg h
1 1
Yns1 = Yo+ 00 (20 + Sh Y+ SR (0, y0)) (2.4.88)

Mo BORFMEN, BTt w13 21 A 2048 5
VLSRR W, O 2K 2 ] A ) AL, DU B Je A — PR R o e i . Xy
PRI Tl 22 0 R aCn] T R T A SORR R

kl = hf(xnayn)

h ky
k = h n o Yn o
2 f(ﬂf + 5 Y + 2)
h ko
k - h n o 9n o
3 f(x + 7 Yn + 2)
ky = hf(zn+h,y + ks) (2.4.89)

%H:%+%+%+%+%+OW) (2.4.90)
SEbr b, VYR B kg —E 8 7k BB O A ME —, X g 2 I — R YR
Ws—PE 85 7AW T LU BB, (H IR AN HE, JLRE A SR Ly i 41 3 B VR B A
J71EAAE, W. C. Gear 1443 Numerical initial Value Problems in Ordinary Differential
Equations ( Englewood Cliffs, N. J. Prentice-Hall, 1971)45 H T — M JEdg— 85 71511
ST, R0 T I E DR feks—PER TR RIE I, A D08 [R) 5 n] L2
rngs T DB A —EERS TR o B BT, AT AR AT AR X T, 1k
&M Kh, WAILE ROHIG— 22— B AR BT I AL B4, S RAMTEIe? 2
KA REGIEN, 2 Gf— D EM R DK Ak, FATREE A ek 77k, R,
EUOW A VR AT, ZE e B A a 24 7, S KA A /N — s AORIERS 1A 2R 2R 4L
PR T, KA VR R — sBA N TSR T, AlE B KR A A — A4
TAT BRI VR P K, LK 2k (— P AR 45 A0 K h W28 (R H
S5, W)L,

y(x+2h) = y1+O(h°)
y(x+h+h) = y+ 0 (2.4.91)
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HOATTHRRIEH BB KA MG ER. B2 %
A=y -y (2.4.92)

SARTTLLE R R AN A B AR, @ADL, A EHTR, Bk, Wbk
by WHIBZE R AL, TT25K A hy INHIEH Ag, T EARN A

Ay

HURFRATA Ao HFEVFRZE, W75 (B2.93) 1 BT LU Ko, 1R AL KT Ao, Mg
T A (5 K TR, A0, R A | AT Aol, Wk TN F— 3 K — A28
Fy it

R R I A, AR LSO MR, B, 1076, (B3t & &
L JEAATHO, B 0 R, 7R o6 $y (94t (0T BAAROK, BT BMR, BRI, Son R A
AT LI TLL, TefTAT DL A — ey | Tiie 3 NRACT: (85571, 474
BB RS I, 70 IR/ 2 1, 3 FLE3 %0 40, 0 AR, Ay 1A 008
BRI OIS g 5 N TR By OB O (8 S T SRR LSRRt 00, oA LA

A0 = € Yscal (2494)

N
dy
scal — h x —=
o = Iyl + 11 x 22

T B35l oK R 1, T2 B AT T SR R L A R A
(T4 B BB ((ERLR I 5L, S AR A N, RPN A ~ LA, 1
Lkt BRI, Hih i/, Ao WIS, BLRIE S 06 822 2,
BI3E M yscal 1 HEF R, BTEA 2 ho ZRAGIT, oo AT RS, AT 75 2 (2.4.93) T A H 4K
BN 1/4, Soh, TRATT R 08 TR 22 10 S0, B I AT — e Bk, T A ik e
1&, TAHE T ([R2.4.93) S5 H

Ay

Ag
= Sh
SlA

ho = Shl A()ZAl

1/4

1

AO < Al (2495)

KHLS B T EI I A R SRR 2 AR SR KR, i
FEHL /5 (DM 0); M NS, KR /A2 4 —28). At RA98) 4 .

T R I, I L — AN R LR th T DU s PR 0, (PR e
P EEATITL
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FEGTRA/NATHY, FA TR, BRI PR E — B W o TR AL ik, (Hehs B
S TR R IR, DU AR — A m i oy BB el A o — A AR (B
Iy IR, ARAT TR X RIS ANTG A, IR A5 3L R B S (e AU ) B AT R A 2.

AR AR FEA AT LA AL S B U SR 5 L (HAE SRR AR R, il B 2y ik
(i, PR R — K8l U P U M PE Bl 0 5 RE SR AR ) AL, RT3 X — i, 6B FEW. C.
Gear IFAE. J3oh—LERF IR ) EURE L i 18145 5 B AR 3L ) gE A 7 Ak B

P52
AR TR
i 4 w?sing =0
BAIARIRE Ty = 0, W] B Jes - 56 D5 20 AN /) (R A e o B SR gt e e
SRR IEGETE S

2.4.3 W RLIAAE ) B

I P A ) A 8 S T P A i )
dy;

T 9i(T5y1, Y2y yYn) i=1,2,--+ .m0 (2.4.96)

TE Ry, HILFFAT
Blj(wl;ylay% e Yn) =0, J=1,2,- m (2.4.97)

15 Klxg, HILFFAT
Boj(xo;y1,y2, - ,yn) =0, =12+ n—m (2.4.98)

XA I ) AU Y P Ak B 1 R e K ZE A T R A A R AR IS AN TR
sk (o 1) AR B, 1T T R RE AR A A A s g R, DAL, Y AR e R A AL i)
FOUIT A R AR R F) 1) RBURR DAy A st S ) R A i) FBEOR U A R ), E A )
AR AR AT I T EANAEAE, TR I8 3 H A2, RS 5 L8 e, 3018 A AL
R A AFAE, XIS RBURR A Ik o 5 RE R A HE AR i) i, A4 75 R A 1) 8 28 2 BB R O A
{H.

SR ) FEAT A RN R AR, BAT R AEATT A 3Tl k. IRl ARSI 45 b
BRI L PG A . AR R R ZE T, AR 45 H AR B iR R, P (R 2 AR Y
R T 3K L LSRR R R R R L, 1K AR AT e AU AY: 45 e P A
Feo& JLPANRTRE, A8 SR A b MRS FLAR R B e i v vk 5 3 (1 59k

FTHLIR A A S B2 My )R, Ry A CRIRIL S5 AEIF IR 2Eny D41, By
Bloy i, B Hry KNy DNAM—20 51, WA Rz, 155E K4 1F B RIRF 520K
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k. BEERAV AT, 2V = Vi, Vo, -, ViulT 5 ng eI 000, S 401
Ty sling MR A, W7 ELOT) WS Y

yl<w1) = yi(xl;‘/la%a U 7V7’L2) = 1727 N (2499>

B, 2552V, TATREA T A 5e B ROMI(E B B, R R 07V AE B [y, ] 2 DR
43 iR [RA6), B AT E]Hlys(wa; Vi, Va, -+ , Viy), FEa, 5L ma HEH (B S,
FRIIEIE AW, 07807 (2,

Fk :ng(xz;yl,yg,--- ,yn) k= 1,2,"' , Mo (24100)

WF = 0, MIBLHIVAIGE N ERR. Kk, i B sk TR = 0, 3% BA7n, Ak
IRV, ng MITFRF, = 0. 3 T SRIBIX AL FE, BA MRV 5 IR AR K, M
AT LA 7R (A T00) 4 A, 14

F(VF=6V) = =) AV, (2.4.101)
j=1
2 OF,
Ay = —= 2.4.102

HI77 R (2.4.101) K tHi6V;, JFL2HIIV A
Ve = Vel 4§V, (2.4.103)

W e RIEA, mEAFHNEIR
U, LTI B EAI00), t TR A i, BIEA, B F A
[, SR B T %
aFk ~ Fk(‘/la‘/?a 7‘/J+5V77)_Fk(‘/17‘/27 7‘/37"')
v, 3V

(2.4.104)

XHFE, B350 — IR TR EE R MfEng + 1 IRWME WS, — IR F (Vi Va, -+, Vi), mg KT
ST, AR, S ) AU L, A ) TS AR S ORI VOIS 2 ARE Ik
P2 — N )8, A SRR BN, WAT SO0 S SR, T8 AR 0 45k SR A ]
(1) T AR B R PR LM I A Wl n S AME. 755 T 67, K 4h i — A0
LA ) T
T B ERARFT VA N, X 2 AN, R A R R . U AE e A ik
AT 22 T RSS20 5 FE G Laplace J7 24> B AR i, B4 S 80N 5 R
4
dx

l(l - x%ﬁ} + <)\ - m” ) S=0 (2.4.105)

dx — 2
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X Hm 3L X g NSturm-LiouvilleAS fiE {H ) 8, A J& 7 FE I ARE(E. 7 fE
fEr = +1 HA A A, MSturm-LiouvilleA 4iE {5 1) @ (1) — B B8 7 40(5 L & & 3%,
(FFha k), WEIRIATT KAEx = £1 N IEWHIAE, WA XN 23 S84 IR A 4
A HRE, XL IR O AEE, BT A MAIEEIY K T0. He = 0 I, 5t Bkilg
P WITRE, g P (z), AMEE ANy = n(n+ 1), n=m,m+1,---, Hec# 0 I, &
3 @ATOR) A A A (), 57 1A BRI S (). v (€)1 Sy () T 55
2o AR N AE R ), oA 0> BRI B, IO RS A AR L T PR &
. (i, v ZFEM. Abramowitz and I Stegun Handbook of Mathematical Functions
(Dover Publications, New York, 1968) ) HEMEM AN R ERSGZ. B, TAENR
He(MR B ORI ?, 5 ) (BEA TR HH O TR A RN 2.

S =(1—a*)™?

s R
(1— :c2)d2—y —2(m + 1):cd—y + (u— Py =0 (2.4.106)
dx? dz 4 o
X H
p=A—m(m+1) (2.4.107)

J7 FE([R2.4.104) F1(2.4.106) 8 FEMR M — —a FAAR, LS Ky Br T — AN ZUH T4
WA ] — AR e N AR, TR R A A, X B R L T
FE([2.4.106) & A Sturm-Liouville J5 %, HAMEfp > 0, ZRERIER T4 R, W
RN = Qo +n(n + 1), HERa,, > 0, WHER.4107) TTHn > m, n = m M
TERACAMEAE. A H Sturm-Liouville 772 (1) /N B RS I A AEAG 5 Ho6F B, F AR IE o5
) K E BT A, Hn — m AAREUN, g, A1, 1) TR AT AR A 2 R BT BAFRAT]
My(x) = y(—=2), FW, Ry(z) = —y(-z), T2

Y (—7) = (=1)" " Yun () (2.4.108)

fEx — —1 I, AT DA#A ,
/ _ w—=c -
y(~1) = o 1>y( 1) (2.4.109)

FEBUAL, BATA

y(0) = 0, n—mNAaH
y'(0) = 0, n—mhfE%k (2.4.110)

i, TA1L Sy A — — 15 PRI R OB BRAT . (AR 24 T8 W ANRe € 19—
HIAF)
lim (1 — 22)"™/28,,,(z;¢) = lim (1 — 22)"™/2P™(z) (2.4.111)

z——1 z——1
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e, %2

b, 777 [EA106) 254

yll = Y

/ j—

y2 - 1_3;2
y3 = 0

A PR 0 [—1, 0] AR AR H A RIL[0, 1)7), FAFREAEN, fEe = -1, f

2

Y1
Y2
Ys

[22(m + 1)ya — (y5 — =)y

—a?) R () =

Y2 2(m + 1)91
rz——1
Fx =0, A:
B = 07
Y2 = 07

(~1)"(n + m)!

n —mMNFE
n — m IR

— 2mml(n —m)!

47

(2.4.112)

(2.4.113)

(2.4.114)

(2.4.115)

s R RS AR A, 0 T % tH A UF ORI, B A0 B B
FE@AT06) T, 1 SRAlp — c2a? f h AAEAL A 5, 0k BRI 4R 77 B, LA £ L
in(n+ 1) — m(m + 1), B0 < 22 < 1, I, il £02 BLL 401 0 5 5L 7 2 i A

AN RIFHEEAL, AL, py BRI BAAETTIE (0 + 1) — m(m + 1) + 52

FERXAG 7 rp, BAIABSE TITHEIEAI A, Ry T a3 b Jr R e o —
B 5 R L A b BEASAE AR ) L, 38 [R) 22 A AR 2 B4R TR I I T il e s s il

.

25>
xR

1
y//+zy/+ky:0

TEILF Ay (0) AR, y(1) = 0 FIlHATE( k.
e, A T3k M BARHME, %k RKIN, TRy + ky = 0, Hf#

Ay ~ cos(Vkz +6), #46 =0 (5 MAEXI0, 2] I), Wk = (n+ §)*2.
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2.5 {H{EAEID

L MNHNREEL, (21, f(21)), (w2, [(22)), -, (T [(20)), ZERF KA HS(2) SKIT
WU f (), BEFHAE (1, 0, -+ 20), f20) = @), TR THE Rz, o(x) £ f(x) B4
ARG RIEACh.  SXAYE P o) 0 A0 R Ay A7 e . am SR R D A — i, o R IR FRAT T 1) e
Joa — AN EERGEAT ), PR FATTANAENTE f (@) AF— 2890 3 ke, ERME, SRR IFARN
I8 f () FERRLE T ASMIN A4k, INIBEER T 2K o () a2, L E5 f(2) MEESN, Joikih
SRR, AR, AED B BRI EATN ) — A L B KB E T f (),
RS HBAVBGE T f (x) FEART DG E R IRE e ARG . T, 3RATTR H A sk
b b SR ST I I ADNEE R (2, f(21)), (2, f(22)), -, (20, fn)) B 45 1
2.

2.5.1 ZIWAIE

WIS P AT DAME — b/ E — S0 HL 4k, 0T = Ri] DAME— b/ — S 2, oo Widn A4
Bi s (w1, 1), (22, 92), -+ (@n, yp) PTEAME—3BERIE— D0 — 1T M2 TP, (2), X%
WA Ny = f(x) BIREZIEN. & H# 4 ) Lagrange A4 .

(x —xo)(x — 23) - (x — ) (x —21)(x —23) - (T — 2

(1 — x9) (1 — 23) -+ - (11 — T) 1 (xg — 1) (w9 — 23) -+ (T2 — Tp)
_ (x —x1)(x —22) - (. — 2p)

(2 — 21) (20 — T2) - -+ (2, — xn_l)y" (2.5.116)

P(z) = Yo +

AR O IO —n — 1R, B BRTE e, Ny = f(x;) 4b, EHRE;
Ab3E1240.

TR (2.5 116) 90 5 F2 e BUAR R & — MR UF I B, B SE AT AT . B )
VER— AR S kB Wi B P, AEX B H— AT 1 E L, Neville
X FOE I AR AR N — MRk 2 A T, 8 kR e A 7 2 O B
ARG R PGS —FER - ARER . XT84 E M, 2P 2
(2, 1) RKIHE— 190 RZ I, BIPY =y, (FFEE X Py, Py, - Py,); % XPly A
ML (21, 1), (w2, y2) BIME——IRZIA. [RIIAT Py, Py, Ph_y ;o , EXPn,, A

Ji(ﬂfw Yi)s (Tig1, Yir1)s (Tipms Yirm) HIRVIE 2 Fw )FIIJP{LT;l Eﬂy‘?ﬁﬁ@b Y1), (T2, 2), - -

oM —n — 1 K2R, 0 @510 M B Fi A ep o7 R A &
SO HEAE 21, T A 7 AT i O d 20 B O {5 A0 B S AT AR, R 2t

) (I’n, yn)
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Fros(Bhn =5 Af1):

. _ p0
Ty yl—Pn

Pl
291 Yo = Py P123
Py Py
T3 . Ys = ng) P224 P145 (25117)
Py Py,
x4: ys =P P325
Pl
Ty @ Ys = P505
TR 5 SR Z TN 2 R IS HESR R
T — Tiym) P 4 (2 — )P
.Pit?+m _ ( + ) z,1+r‘n_1 . ( ) i+1,i+m (25118)
Z; Titm
2]
UEH R HE S R

LB (5. 108) T B R 58 4 T AT 1, (LS TT e 25 S5O0, — Pl 1 7 v e o
OB TR R AL 2 %A, B X

Cmi = Pzr,:b—i—m - Plf;z;;lfl
D, = ﬂgm—gg;m (2.5.119)

I @B LLS) T 2 53 Mt Ol 1D, FIF S I3 52

(Tivmi1 = 2)(Crivs — Dini)
Ti — Titm+1

C o (2; — 2)(Crjiv1 — Dig) (2.5.120)
i T — Titm+1 o

Dm—f—l,i =

FEAE— UGB HET, C 1D EXHEE K /KB IE, Bnmas RP), ' 2 E—y: nb—
AR My; R R B K & AR — A2 EC &D.

2.5.2 o2 B R BOEE A A

A LE bR B O 43 R AN REAR 1 b FH 22 T Ak AL, FRATTHE J T B 248 — AN 25 4 1 1
{H IR o BB Be FH 2y :UF B HOCRk TR, X BLIUA — SR N B8 22 S B, A 26 [A)
2en] DA R B 1 .
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—ANEEm 4 1A R (20, v0), (21, 51)5 -+ (@, Ym) BRI BB AT N

+pix+ -+ puat
R (o) = Lel@) _ o Z 2.5.121
() Qu(z) 14+qzr+--+qa” ( )

mTHp+v+1 /\X%D%%iﬁp Jeg, A, fm 41 = p+ v+ 1. e G # R Ed
BN, 3B 5 B8 € 7y B BRI

i PR @I T LAQ, (), 4 B AR A, 155 22k VAR KOy AL, 7T
B g A Mg, 49 2047 BEAEE P AL 2R T 2 T il ATt ) DAy i — A b 4k 502,
X — S5 PR i Bulirsch—Stoer 5. X AT A 41, A7 28 1) [ 52 7] 2 (. Stoer, R.
Bulirsch, Introduction to Numerical Analysys, Springer-Verlag, 1992, Chapter 2).

2.5.3 =WH4&EHE

IRFESAGAE S H Ay N B 2 KR oOr ik, T DU R I R BT T IRE S S
T H AN H B0 22 T A A P 1) S8 ) R = YRR A4l (L n) 3R] LA A N, % 45 € Hn
/[\‘l{_?‘(‘rlvyl)7 (:E27y2)7‘ o J(xnayn)a TEJL iﬁ%ﬁ\&iy\glﬁﬂ

[ Si(@) (@ )

S(z) = .5.2.("@) (@ z < @) (2.5.122)

X

VANVAN
VARPAN

\ Sp—1(x) (21 <z <)
b, Si() 5 XAEX [y, 201] BRI =R Z IR IFERS (2) R IR A L —F
K W e HOE S
BA5E AR I3 A X —Fli{EL o) R ) At e A AT, T g A =Rk 2 Il 224 54T,
PRI TT 24 (n — 1) DEAT, A 2 I S50 A i 1, 45 H2(n — 1) ST,
— W FHM W FHOELLLE H2(n — 2) DA, XHE, BATE LT 4(n — 1) — 2 DA
PRI, A 1 iR 1), 5 75 AR 78 AN ST, HIX IS SR IANTR], XA LA AN TR
(R ZIRFESATE TT 8, X B IRATEG A 4 , —Mod B4 € AN s, o, 1 — B 323
By, ul, T3 — RPN A BRI B SO0, Bl 4y =y = 0.
IAER KA IX — o), 1 B R AOELE, rlly), i = 2,3, ,n — 1 RAFLEN, 7E4T
— X\ [z, v41], B
T — x;

" Lit1 — L 4
. . 2.5.123
Tit1 — T4 Yirr ¥ Tit1 — Ly Y ( )

S/(x) =
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xf BRI IR, 152

1 (vip1 — ) 1(z—a)®
S; = 7 Ty Z "
() 6 i1 — W 641 — o

r — T

1 " 2

+ (lerl 6?Ji+1 (szrl xz) )«’L’z’+1 -y
1 " o\ Ti4+1 — X
i — =Y (Tig1 — )7 ———
+ (v = g4 (@i ))zm_%

(2.5.124)
R En DRI 0 =1,2,3,- - n, A T POEREERME, M BT X, 152

1 (xi—l-l - x)Q 1 ((ZL’ — xi)Q "

S! S S Ay (S A Y
(@) 2 Ty — vt 2 Ziy1 — Yot
1 1
+ (Yir1 — 5‘%{/“ (i1 — xi)Q)x-H .
1 " 2 1
— (i — =y, (1 — x5 2.5.125
(v = G0t (s — ") ——— (2:5.125)
.S (x) WIESNESAE, W fn — 2 NHRRWF (i =2,3,--- ,n—1)
Li = Ti=1_yp Litl — Li—1_p | Litl — L5y Yi+1 =Y Yi —Yi1
/ . g — 2.5.126

WIRT TR, B0 7 B2 AN A8 4P DL izn A R4 Ry, SCIE 07 VR AL, B4 52 o
R B PR WAy, Ay, AR5 R 5. 125) rT A B A S Ty 5 R, 15 ([2.5.126)
Tl — A 52 B 0 S PR AR K T R S S S S B R H0k0, W (2:5.126) A2 BA vk
En — 2 ANRAME. — PR Ty, WO 58 i, TR @5 124) TS B iy 1.

NREATE AT, RSN I R AL

1

Y= 152522

(2.5.127)

FAE[-1, 1] Z IR A w5050 22 30X, 23 5 R AR — DR 2% bR B0 AT 4 1,
THEEUR W (7.1), HrpSEdoy ek AL, R ZIERE AR, B TR RN, S
Jis bR B 22 A R AT R, R e A R 2 23931 DA 73 3 AT B R RO = A 2% 37 R 1 45 2R,
FEE E)LT e e S EE A
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Figure 2.2: 2 T3, 73 2UA7 B o8 £ = R 5% o B0 B 1) LR ARG

2.5.4 FIRRKEIH 5

TEPE b, 2% sl BTH AR B AR S S0 I s R 45 R SR T — 280 7 i b KB
BV R E R e 280 SEAE. FRARIAE VA nl DUTRVH SRR X FA13%
BRI, AT SRR ST R S, SR B R.5.122) BTRE MR BS (x), TS (x) H2
=R, LR n AT SR, JUAE 2> Be B AR MBI R 15 2 e A 45 2R

%]
93 RT3 SR A RS (BB L2 RIBY, I It R SR (B 7 V3 5191
BRI SRR

7>
PO TSR

T COST

flx) =

C14a3
(i), FIE A DA 5 7 f (2)d
(i), FEDXTA[1, 2] 7350 A IXTH), V5 f () WA, A XSS B IF AR 5%
PREOIT I (L) T8 R A4y, HA T s

2.5.5 Padéififi 54

FEBRPI B ST iR BT S e v S i R R L — (FE 1 AR 38 U5 1),
FHLWE U, S T ikl e v SR Wy BRI, R I — A B o) b 1K) A N S AR
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HRRTT, Bl )24 h RS, B D) 2% RORAR D 2% rh 38 3RS, AR S b ()
TR TF RGP P A5 2 ML B (7. (ER, JAUR TR R REURTT, B RS &
RN R (AT R R EAM SR, LA S AR/ & AT R ), A 5 — 7 1, (e EE i)
B, NS RAA R AN, LR (K ZHUE 0T ) Aok & o0 T 5, B4,
BA T RE A — AN &, 13 B0 S E0 M BRI T A E A = 45 17 1%
LT — NS B W LR AR, XA I )[R A 1 2 1) (B R —#il-F A R &
TR A TRV AR, sk Rah A RAF 0 & EHE D).
TR (), B BATHRIE & R ECN

f(x) = co+ e1m + ez + c32° 4 - - (2.5.128)

KRBT S, 28K FUIR f (o) 725 JR MR I, 01 SR P oK D
SR, 75 F I RSO BRTEE T, — ARIDURT JLISTRE o 42 BB AT 0 S A o
I 08 25 (25 T2Q) RIS, T3 MR T3 0 4 1 4 JH AL . Pad it i it
FEXHCRE— AN AL B TR B OF R SR R), M8 B f (o) BOMEIR, AR
VAT Ff(r) WM. 2 iDL AR — MR BRI R O L5 T X T
BRCF () HOMR A5 . E T AN 0 B8 BOR B, 8 BCE 4 20 2 0 B i L SRR R,
UL, BRBCEE — K ROAT 2 5 SR T 5 S, S REPadé SEAE o] LU T (S
BRI A PR 9 R R /MR S R, AT AR $T B (R TR 7E B4
ANFOARE, (EL SRR LA, PadiirE R f TR B S A, (L BCB R 1
32 00 1 P S P DB 2 55 52 PR
PadGEIE i SR, AT (5 128) /2 XA, T4k A B 5

R () = P(2)/Q(2) (2.5.129)
Hh P(e) Hy—m WETR, Q(x) H—n KETA Q) = 1, Hif
f(2) = P(2)/Q(x) = O™ "+) (2.5.130)

BIR,, . (z) BIZEENETF I HTm + n + 1 WI(RFGHB0) 5 f (o) MR EFF R —FEIK. X
FER) 73 XA BE R B AR N f () I —APadéiBIT, fid A [m/n]. fF8F SN2, X e
X Hpadéi A B A7 AE ). Padéid@ A7 1R 2+ 20 A @ 1 e, A7 %88 1 7] 5 AT LA
ZHHEHEL TR G. A. Baker Jr. )T’ 5 ] The essentials of Padé approximations
(Academic Press, New York , 1975)—1.

KT AR (), HePadé @I [m/n] W LRGN, B Padé %, W T,
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m\n| 0 1 2 3 4 5
0 [ [o/0] [0/1] [0/2] [0/3] [0/4] [0/5]---
Lo yop fap [zl /3] 4] /5] -
2 | [2/00 2] 2720 [2/3] [2/41 [2/5] -
3| [B/01 [3/1 [3/21 [3/3] [3/4 [3/3]---
4| [4/00 [4/1) [4/2 [4/3] [4/4] [4/5] -
5 | B0 B/ [5/21 [5/3] [5/41 [5/5] -

Padé EHRZH@BINER, Hrh2 —2Wynn 1H2E2, X TPadé £ _FAHABH AT
%=

N
W C E
S
H
1 1 1 1

E—C+W—C:N—C+S—C’ (2.5.131)

N FRATTYHE T F PadéR 1 71, Wi S IRATTR H &3k Hi PadéZR (B0, W) wT1d e
Bk, R e s
fla) =3 e
1=0

X—HiEE de e X —A
j .
€y = cx' j=0,1,2,---
g, =05=0123,--
et = 0 k=0,1,2,3,-

WAy DA R T e R

551 552 623

ey e e &
6 &' e’

el St €37 52
&p £J e5t

g2, €1 €J et
2 el el

3 1
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b e Z i R b HEoC &

, , 1
€l =€ty + 7 (J,k=0,1,2,--) (2.5.132)
kT Ck

PRlk, e M —A7 L5 —, s, (R 2R P RITA LR, WTLAEY], ¢ &
HPadéRZ WA FRKAR:
eby = [(k+5)/K] (2.5.133)

PRI, — HRAS Te X, 132 7 Padé .

(E@BI3T) th, A IR B T (AR RE I 1), WS A7 2,
T H T S UR R & — ANk L2 (Divide by Zero) iR, 1X— M BT 6 vH 5 A B B EL
B, R H AN, eSS0, T IUUSSE AT 50, /R U508 7 454
B AT DU R TR A R0 R i Padé w1 R 5L, B LA X3 T 715

%>
KNI, §, Roiif o (2.5.159), FFHEMERIE. AR FIHaNE)

453
LAERIe Fit 5 pad BT IRT, I +2) =2 -2 42 2l 4.
FH pad @30T J7 1 0 (5) FOE -5 VE R 11 L 4

2, % Em D EH LML,

H Padéi ALt n A
3, % By

e ¢] e—t
Ia) = /0 I+t dt
NI A0 T RE S TP e 8

I(x)=1- o + 2% — 3123 + 4lz* — 5125 + - -
MK KRB K, I Padéli vt S01(1), (T(1) R AERA T H Zi AR 40
iR 4 0.596347 - - - )

4, XFe =05, Fle” FFREEEIT, WDBERSARPTIREH) UEN T
HIHT I R P 53 Padé 38T, M348 RO HHEME LA SN BORI
SREA ALY
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EARZ ) rp AT AN T B Pad & VT i B, 1 HL 7 2250 18 Pad 63 30T () i 4 7
X, WZ WP (r) MQ(x) MFRE. Mk, % & (R.5.130), id

f(x) = ¢yt cxr—+ 021‘2 + 03x3 + .+ CerniUern 4 O(xm+n+1)
P(x) = ao+a1x+a2$2+a3$3+..._|_amxm

X, 0= 0,1,2,---,m+n B, ZATKH K Ka, i = 0,1,2,--- ,m b, i =
1,2, n A7 R.5.130) W 2. FTLUER, W% f (x) MPadei@TfA7e, W e it
ME—1). Bk, —H R Ta; Mo, WP(x)/Q(x) Bt f(x) B[m/n] Padéi@iz. A T 4
FHla; by, SEITFE[R.5.130) 5 A

f(@)Q(z) — P(x) = O(z™t") (2.5.135)
HR.5.134) RN ([2.5.135), LBy FEw i 7] R (1 ZR 50, T LASS 31 T (1 99 40 2 R AR
JiFE.

[ ao [ Co 0 0 te 0 ] [ 1 ]
aq . C1 Co 0 ce 0 b1 (2 5 136)
A Cm Cm—1 Cm—2 ' Cm—n bn
Cm Cm—1 o Cm—n+1 bl Cm+1
Cm+1 Cm T Cment2 | by _ | Gm+2 (2.5.137)
Cm4n—-1 Cm4n—2 Cm bn Cm+n

6 TR 5 FE R TR h, AT, 5 < 0 I, ¢; = 0. W5 R (2.5.137) i
1746, BATATRI T — S B G 1 SRR 2 MRS FR AL I 03k 43, RN (2.5.136)
Kt a;, i3 2 T PadéiE i iF)fiE.

I FE h, [Fle Sk, A SRR FEAURE, BT3RO R ) ) 3
B AP A0 TR H f () B8, TiPadéi@ il I vE HAE S v b B o HLEE 58 42
AJ LB AN, BRI BAT TAS FEAldE — 2 A 44

2.5.6 KRB CesarokK 1 HHET™

B T R Padéid i, fEY)EE FIaH 55 Ah— Bt SO BB U7 ik, Cesdros KRR 4 M
FAHE). BAVE LA I
I8 SRk
S=1-14+1-1+1—-141—-1+--- (2.5.138)
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12 W JH T GOSN I, X0 AN AR S, e R I e = 110
37

=l—a+2® -2+t -5+ ... (2.5.139)

1+2x
LRI £ —1EH RN, Mo = 11, H1/2. fﬂﬁﬁﬂ‘]iﬁl@])ﬂ%ﬁiiﬁ\
LE L ) (25, 8) HU 4K, A

S = 1—-14+1—-1+41—1+4---
- 1-5

FRASH]S = 1/2. #— %k

S = 1-244—8+16—---
— 1-25

AR 51 = 1/3, 5 (@5.180) 2 A0 SE FEAN . S R, BefiSehs AV T A g o —

A B BT 20 TT B0 2 (LR — AN S92, — B — O VA E N I 14

BT RO A — BB TR TT, T4 b3 AL B AT A2 A % 5 1.
R, R A TR

o Ak
S, =ag+ai+ay+ - +a,_1+a, (2.5.141)
Ul
s = lim s, (2.5.142)
n—oo

37 ], ST AR, FEor AT BME 2n — oo ST R 28t Alls. (At
ATAT LA T IA Cesdro R #e vH 5 4 £ RN

. Sgt+ s+ S+ -+,
s = lim

XA AL, B ERAAAE, WRRGET Cesdros R L1 UK.

(2.5.143)

1—14+1—1+1—1+---

1,0,1,0,1,0, -
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HCesdrofll s = L. MXT
1—24+3—d+5—...

17 _17 2a _2a 37 _37 e
A WS S . s, 7T LA R& Cesaro /7 VAR, & X

So+S1+Sy+ -+ 8,

H! =
" n+1
g2 o H}+H!+H) +---+ H}
no n+1
il _ H+ H" + HP +---+ H™

n

n+1

A5 B Lo, PR, o0 HPAFAE, DRI U AR B A DA T 4 250 (0 0. 6 3 i 1T (1 4911,
=5 NEE]

2 3 4 n+2
Hl 10 - 0 - O _ Ty YUy y T T
n ) 73) 757 777 2(n+1)
15 5 34 1
S =
n 7279?127757 74
= n i n n/2] /‘"“_A
HERIH, = n+1 Z£ /12] 222;21 = %% 5] + n_Jrlézg /1 2z+1’ =in — oo, 5L 1K) ke B
Eu4ﬁ~mm*ﬁmﬁﬁﬂﬂﬁf/%m_hmmMé Flim,, o0 222 — 0.

2.5.7 BorelkHl

BorelsR A2 — Ry 7 (A BB SRANE, LU — /N1 i 1) 500532 SR g e
. EWRE A .
WA — R (z), HGHERTR

= par”
XFBTAT o AR, 5 18 R AL
= Pusa”
X HL s, A BICRAA AU i e A, 2R

. S(x)
JE&J@)_S
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FAAE, RS T WS, s(T) 0 “I7WSRINEER. SERRvh S, AT A E et 1057
KA IR, 1t S (A8 () 5 J () 2 L W Ry B, I3 S o JATT i 4 R
i R e, M N p, = 1/nl. B FRATF4R— /Ml R 4

T
FE 1 X 3.

B, 25 S
l—a+a®—a’+a*—a+ -

Ma = 20, RN ET—5 % [ B . X — 258 4 F ok
1—(—a)"!

Sn = l1+a
ES)iia
S(x) o= 1= (—a) g 1 ae™® o= (—ax)"
T >
J(x) s l+a n! 1+a l4as~ nl
B 1 ae Te
1+a 1+a

itxme( ) > — 1B, Ma = 20, 15511/3. X — 57588 Borelf 2 SR F1 5 7.
—FhBorel sk #1512 & Borel B 43 sk FL 5 v, RSk A1, %518

s(B) = /0 T e [i “jjn] dx

0

TREAR, an R BATI0S LB IR 43, W43 2 R E, 1 58X RN e B0 B CR RN F T
B0y, WIARAE AT A5 2 IE A 10 45 5. Fei MR % e —01 7, 13

N> Re(a) > —11,

& 1
/ e e T Ydr = )
0 1 + a

X IHEM T RAAT BRI 0, BRI R AR T RO, i e e B P 5 45
RIUPAEE N AR 7> E RO P2 B RR, EE A2 2R e SRR

2.5.8 BézierigiT

TR, AT — AN TR ARG 2y a1 @, RO T — 4 il 2, 46—
PREOE A 8IS XAEVH SN B3 (CAD) AR EE N A . X FlE T #x oA Bézier
BT, ‘& & HBézierfDe Casteljau KZIFE 1962453 il S a7 e i ke 1)
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AT E B Bernstein Z I3, X jEBézier &1L FEAE. e AN HEX Ha <z <
b, &1 n X Bernstein 2 I E XL H

BMz) = < 7; ) (b= 5(”2”__;;_ W 012 (2.5.144)

XA

ny\ _  nl
i ) iln—i)!
A IR S2BR TSN, R U] TR T ) O AR

B(())('T) = 17 Bﬁl = 07
b—xz)BM ! —a)B™}
Bn(l') — ( I’) % ('rl))—i_(‘r a’) i—1 (I‘)’ i:O,1,2,"‘ .n
—a
no(z) = 0 (2.5.145)

IAEHE G g X2t &
Py(x) =) _pB(x) (2.5.146)
=0

R N Bézier 213, B RE K L AR A Bézier #iZk. N RE—A B} () #ALn X
ZI, FrLAP, (z) B2 —n IkZ I, XA Z WAL T, tip, IEUE AT LK
HAEWP, () FEHE, Bl »=a B, HT X0 #£ 0 B B*(a) =0, By(a) =1, Jiblpy gt
T P(a) WM. [FFE, Py(b) = po. H TEEHEp HHP,(x) Prifve i) ihd 2 W R,
Bl X— =~ £

j(b—a)

tj:a—I— n

e 4Rt pi), 1 = 0,1,2-- -, n 3 — A, WH (o, po) A, Z2(t1, 1), (T2, p2), - - -

FERIE (¢, po) I B B 2 I TERR A Bézier Z21JE, 1 H1X—4p; FriksERI P, (z) 1)
FGIN5IX—Z B TEAR E ARG, BI(7.2) 43th T — M7, Bl Bézier £
AT, B RO FEE A SRR ) Bézier ek, JLE ZMIICHRE—H TR,

(o, Pn)
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Figure 2.3: — 2] 5 A M. ¥ Bézier 2 I A A1 Bézier [t £

CAD [RAES5IE H 2 R I R AT S8 A A0 I 21— BEAR, X IR ] i B 2
5, HIBézier 22 TR 1 h 2k, 3 AN Wit 17 42 i ik B e vt 2K,

X BN Bézier LM T — D W EMAN Y, HTEBE L THIZ - NAERHETS
AT RBURL

2.5.9 ZIuPKREMIEE MOEIT
% JC PR B IR T Tn) A S )b e DB )R IR A AR VAR IEAT, Bilin, SR e X

k()= ] — (2.5.147)
MLagrange AR EEII0 %
P(z) = ypl(x) (2.5.148)
k=1

K U] A B G, Wk A TIni sl = foy) AR YEXEA A
'I{_:T‘(:Eiayj)ai = 1727 e 7n7j = 17 27 e, M LE‘J{EZU EJ%D, )”\'J/E\Lagrange Tﬂﬁ{ﬁé}fﬁﬁg

Flay) =D zli(x)l(y) (2.5.149)

i=1 j=1

75>
R E (2.5, 2475 XL () R KR (x) = 655, IEEM AR (2.5 148 R (2.5.149).
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SRR AR AR T LAHE) T B G, BOE R = fa,y) EHTEX e <z < bc <
y<d LW —dAMKT N =0 <2< - <z =bc=y <y < - <Yn=4d
bgh e, TATAT UAMIE — A i = IR 2 IR, (x, y) W Fly 353285 =R), & XAET X
a1 <o <y <y<y LW

S(z,y) = Rij(z,y) WMR(zioy <z <zyy;-1 <y <y;)
i=2,3,--,n;5=2,3,---,m (2.5.150)

Rij(,y) AT LLRALT 4k = b 4% pR 0 1 EK 1S (2, ) 20 HA R T3 22 1) D' T i o
S8, HAE PR, (HIFAAE. FRATH S A LR & X

hi = @i —
Tj = Yi+1 Y
T — Ti—1
U = —
hi—y
v = LYt (2.5.151)
Tj—l
j .
vj
2
Rij(z,y)=[u} w2 w; 1]AGzAT | (2.5.152)
Uj
1
/\EP _ —_
2 =2 1 1
-3 3 -2 -1
A= (2.5.153)
0 0 1 0
1 0 0 0
Zi—1,j—1 Zi—1,j Tj—10i—-1,j-1 Tj-19i—1,5
G — Zi,j—1 Zi,j Tj-19i,5—1 Tj—19i,5 (2.5.154)
1) NN
hiflmifl,jfl hiflmifl,j hiflijllifl,jfl hiflijllifl,j
i hz’—lmi,j—l hi—imi, j hi—lTj—lli,j—l Hi—lTj—lli,j i
. 0S(z,y) o 05 (z,y) o 825(90,11) PANE=TTN= = HT
fiim, = 25 gy = Sl = S S R
A
himi—1j + 2(h; + hi—1)mi; + hi—ymig
3
= h.ilh- [h?_121+17j + (h? — h?_1>zij — h?Zifl,j] (25155)
1=2,3,--- n—1;, 57=1,2,---'m
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TiGij—1 + 2(7_]' + Tj—l)gij + Tj—19i,j+1
3
J—L1%

1=1,2,---,n; 7=2,3,--- m—1

Tilij—1 + 2(75 + Tj— )l + 71l

3
= - [7-‘72_17712'7]'4_1 + (sz - Tf_l)mij — szmiyj_l (2.5.157)
J—1

1=1,2,---n; 7=2,3,--- ,m—1

hiliz1; + 2(hi + hic1)lij + hicimiq

3
~h 1h [h?—lgiﬂd + (R — Dy — 12)91']' - h?gifl,j] (2.5.158)

1=2,3,---,n—1;, 5=1,m

T BRATT A A BT — A R S . (25.155) 3 Fm(n — 2) U7 R, ([2:5.156)3%
H(m — 2n A HE, R5I50)IE (m — 2)n A HFE, @5.158)H2(n — 2) AR,
A 3mn — 2(m + n) — 4 AIRL, TRMEIEE H3mn A, B, h T KA, HH
F2(m +n) + 4 DA, XA IRERIBI L LI LI — AR = f(2,y) 03
FeAh L, BNgs e

0
oz i=1mn; j=1,2,-,m
ax |$:xi,y:yj
0
8_2 Z:1727 , 15 j:]‘?m
T

0%z

t=1,n; 7=1,m 2.5.159
Ox ay |r=1;,y=y; ( )

B AT 2m DA, AT AT 20 NS, AT T4 AN, BRIy
P, R A e L AMEAREO RE AR Ir) . 53X 1) il () SRS B, A PREAS T3S
B, AT BRI S EATRE .

2.6 PREAT H AR

2.6.1 fFH A H

A5 B AR AR ) B A (AR 22 T p A o SR ML, X SR H g (A P, IR
PG ) UK VAR5 A7 — 8 PR ) A B gl e AT B AR ) i 5 KRR 1), AR 1
7327 PP I pR KA AR S 1) A ) 5 2 T (R R 7 R A LI AR . 3K T AT T ) 2L
2] AT A B
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Table 2.1: Ao BLIH AR 4 (1R 565 ) it

L/ .

h(t) hSErR%K H(ﬁzH%)
h(t) ARERREL  H(—f) = —H*(f)
ht) Mg H(—f) = H(f)

ht) harekst  H(—f) = —H(f)
h(t) b s Al skl HU)%%%@@
h(t) NSEEF A H(f) hEar s
h(t) EAREE  H(F) S m %k
h(t) WEAREL  H(f) AT ksl

— AP BEERE W] AR <IN R DX B4 FAliE, JE A AR RO, YRR s h(t) &
7y ] AR BRI _EatiiR, F AR RO f |, PIBEREH] s B H (f) &, IXHLH(f)
HH AR IR AR R DA A b EL AT ) AR, A S AR PR
I T R, sl IR h (K ARAR AR, 7 0 5 b B AR AR AT Bl e, I [ R E 55

e Bz BEA(t) MH(f) B4R EE R AN F R s, i1 2
e () M (p) 5. PIRF LR Z 18] 1AL HAE A B AR R R

Hf) = [wmm#Wm

h(t) = L/fo]¥(f)e%”ﬁaf (2.6.160)

Wt FIRDRE, WS IR SRE b2, MBS I S R il = 2 f Fmdiok,
MR, H(w) = H(f)|ouor, F7F2(E0.160) HH

Hw) = /_00 h(t)e™!dt
1 (0.9]

h(t) = > H(w)e “'dw (2.6.161)

AR b UL LU O AR T, P B SR £, R (226.160) H L B
Ai2n BT, E B, BRLAE R TR i Al 149 77 72 (2:6.160), 75 SCBRM
FRVIRF, 09 P AT 28 S 5 L A, o 5% A 5.

MSE UL, A HLH AR YRR ML R, I, A LA 0a A 2 (1) BT A ROHE IR, et
AT A i 5 SORAIEW . 7SR5 AR, et 5T L e v 3.

ELUR HOHE T, AT F I C 5 07 17 R (2.6.160) 52 SIS i SR 28

h(t) < H(f) (2.6.162)



2.6, PUdAT B AR 65

A RE SC, TR 2R DY A2 4o

hat) — ’1| <f> I i 45 3 (2.6.163)
|—11)|h (%) < H(bf) MZARSE (2.6.164)
h(t —ty) <= H(f)e* " W7 (2.6.165)

h(t)e ™0 = H(f - fo) WV (2.6.166)

XTI B g (1) FIh(t), FX N AT LA 0 N G (f) FLH (f), FeATTAT LLE CH
NGRS, —ANMEERg « h, HFRE X

g« h= /_OO o(D)h(t — 7)dr (2.6.167)
g * h o INFA] DS b R R, LA B AR A T A AR e B
g he GUH(S) < h + g BUEM (2.6.168)
TR KEELC g, h), & XA
Clg.h] = / " g(r + Dh(F)dr (2.6.169)
Clg, h] &I TR Is b iy ek A, FEAT HL AR e py 1 TRI R A DG € BRZE HH
Clg,h] = G(f)H(—f) HKw# (2.6.170)
Wiy Fh 2SR E, W) TS R
Clg, h] = G(H)H*() (26.171)
— ARSI A B DC R EORR S A ARSC R B, ZEIRTE LT, T RER6.171) Mk
Clg, gl = 1G(f)I* (2.6.172)
H AH 5% bR G PR O Dy Eaal ) s Th e R
_ /: Ih(t)|2dt = /: H(f)]2df (2.6.173)

A FR A Parseval & HE.
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2.6.2 BT HE AR

N TAEVHSERL SO Bt AR e, B AT B AR R AT B U AL B X ST
AL AR, B SEA AO ST B AR S U IR vk AEARR TR oL |, X &
K (t) FE A AF I EE EREATIORE. & A D IOREMRI R, WX R(t) BIIORE LR

hp=h(nA) n=---,-3,-2,-1,0,1,2,3, (2.6.174)

A TR OREAICR ) & S e T BURE T AR A% L B 0T —45 2 R T R A
AAAE— ORI £, BN gy

1
2A
X — I H AR Nyquist I 5002, WIERA—AN B A Nyquist I S0 1E 5% (80AR5%) bR
BOEATHCRE, W2 SR — AN R R A T IE B0, DU —ANEORE SO T D e v, 15 1 —
A AL FIERIBE, ... 5Nyquist IRFSCRAER, A FH M EZEL R

(1) W —IES i&h( ) FURA A v, B se /T fe, WA U, XETA RISEE| f| > f.,
#HAH(f) =0, WekZkh(t) HILHAEAER, E8RY0E. b b, h(t) PTH T EA%H

fo = (2.6.175)

AZh sin 27:{0_ RAS”A)] (2.6.176)

WEAGN R, h(t) SH(F) Zmh FRBER

) = [ noemra

/ H(f)e 2 /tqf (2.6.177)

BRI EE ANBU BRONAT BRAE, X2 th FAERV BRAE, H(f) = 0. SBH(f) I BEEA
PRI L, WIS KR BO H (f), i

~ = (2.6.178)

h(t) = /_ h H(f)e 2mitqf (2.6.179)
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s~ AT
W) = / H(f)e >y

(2m+1) f
_ Z / 727rzftdf
2m

m=—00

_ Z 6—271'7,2mf ot / H —Qﬁzftdf

m=—00
o0

= ) el (2.6.180)

m=—0o0

(A3 E) B, FATRA T AR6.178), EARPIRALE ot =2 n =0, £1, £2, -+ I,
HTEGFR, S AH, SRFKO, o] LIAEH (GFR S A —A %3] i TR X R)

Z e~ 2mizmlet — A Z 5(t — nA) (2.6.181)

m=—0Q n=—oo

FEAF B, ) TR AR S = 55, WA

—A f: 5(t — nA)h(t) (2.6.182)

n=—oo

Ay = /_ T et

- A Z/ 5(t — nA)h(t)e*™dt

n=—0oo

= A Z h(nA)e2mima (2.6.183)

n=—oo

FEX I [— fe, fo] W, XA TH(f), T2

fe
W) = / H(f)e > /af

- A Z N 2725_( HA?A)] (2.6.184)

ROt AT mEAE R, wE RN, MR R RE S TS AR
FAELL R BCRARR /N RS T, —H A R RO E). fEEH RO, WP R
BT 5 HEAT R 98 1Y, AERXAE DL, REEURFE R A /D B8 T A5 o KR
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(PIEIH, JUnT DL e 3 M43 20X —1F 5 P e 115 .
(2) WIR—ANME 5 A LA AT 5 (1) BNy quist I1f FAREf, N T15 5 8 O8R, WAL
T—=fe, fe] HRROAT B Or R RE BN B [— o, fo] DXTAI N JF B AR X — X TR] A 20 _Fif, 3%
—IMBFRAPILES. M ST SO S, WP ES L&A RN, wik
X — WAER) T, B AR EME S 10 B AR RE, B Se AR 7o (5 5 AT U8, 115
5 BRI AR R N, SRS EH e KA 2R A o R R .

AR, BATTR 1 anAv] th A FREH BIFF sk BT AR 4. BOE FATHA N A AHZE
(IEREAS

he = h(ty), ti=kA k=0,1,2--- N—1 (2.6.185)

ML, AT N AR W Ba) RAEF FREE X R N EHES WAt 1)
HURE N AL FEIX AN AR X)) WA () 783 DX TA) rp AR 2 ) IR I AL 455 A2 5 K [X
() LA ] P (/) A () 8] BELF IRAR AN I 1) X TR)_E AR (2).

WRBMRAN ANEAEAN, WL R EZ HAEFBIN AL 4. DR,
BENN ANFES ST [ £, fo] WA f RTS8 7 (f) RATTRER, B, BAT]
M — RV B
n N N N

2

n= 3 A = T o 17”'7
d " 2" 2

(2.6.186)
Frim 1 F MR EAF R Nyquist IGF% S, Falefn M HEEE FAN + 1 4, T
AN A, Ain (0 LB T RIS, S2BR L, SR AN, SRE, M43
RIHBHN A,

0.2:6.160) *F IR AR Ny —A B HCR A

o N-1 N-1
H(f,) = / h(t)e ™t Y " e A = A e N (2.6.187)
e k=0 k=0

fEd i — A, T R @.6.17A) M (2.6.186), bR AR SRAFR AN ANEIE Sk,
(1) B LA LA e, ok

N-1
H, =) hye*™ /N (2.6.188)
k=0

TN Ay, W N ASCH,,, &SRR TAL A NS5y, 55 H, BRI
BE) | S SR A e B L5 B LA ek (26.187) 4tk

H(f,) = AH, (2.6.189)

FUk A ok, BRATE L (R.6.188) HF in MIEUE TS —N/2 BIN/2. 5ebs b, A (2.6.188) AT
A, Hy X Tn BAAYIN, BIH_, = Hy_,, Bk, OB TR =0, 1,2, ---, N — 1,
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XHEE, n Mk BARTEE 76 A H. AERXFBUE TR, 0 < f < fe WNT1 <n < N/2-1,
TR~ f. < f<OMWNTN/2+1<n< N1, 0Mf. M—f ZFNTn=N/2.
BYHUT B AR e R A 4ty 45

o 1 —2mikn/N
hy = > Hye (2.6.190)

X — R iE 5 ([2.6.188) (1 2 BIE T ke FREL LIRS I 45 RER LN, DRIk 5 2%
Ak B AR 1) 7V (R ) LT A B S ) P DA v B30 FRECAST R A 4 10 10 2 4

B AT L AR ELAT 5 A B AR LT e AR R R R, 481 2. 1] 3 4 et
PR Joott T B T B AR et gl vy, FUR BRI Ry, SR Th(t), hy_p XN T h(—t), H, %t
NFH(f), T Hy—p MNTH(—f). BI3LH, AR, ATEIEH, = Hy_,, 555

2.6.3  PLEAT H A He
oG, ERATE XN ANEHE SAE— IR B HUS HLH- AR e B 75 i R, e X

W = e2ri/N (2.6.191)
) ([2.6.188) 7 5
N-1
H,=Y W"hn, (2.6.192)
k=0

R an R4 H,, Fihy BAER R, W EAXA T —H S R m IR, R (n, k) &
LETW Bnk K77, AR, S R E R TEMN? ok, DR EES TN X
ey F N L B MR BT 75 IO T SR EL, H A N2 B EN9605 I, X 2B H A TR, 1965
4, IBM A 1. W. Cooley FJ. W. Tukey $&H T AN 25 B HLIH- 28 i () Bk 520325,
L HEMN? FILEINlog, N. A TEHEMX S ELZZ N, FIE PN = 524288
(1) 5 AT B AR 43X e FH IR T VR A —AN486 /33 THEHL 2 FF60 B, il R
1 ([2.6.192) BB HEL, I ZRL20 K.

F82 b BT A e ) PR B T DUIE 3 2119034, M, Runge $&HH T 1248
F24 vk, 19424, Danielson FlLanczos $&H T — R 512:, (B A 2 BHE %A H
FrrENL, RmEaEsHEEM, HIEET. W. CooleyflJ. W. Tukey $EH J5, A5l 7)™
PR, RIS X —EEN—ANES, JETRATUEM, — AN m(N AEE)K
R LA n] LU O AN /2 fUHE A B AR 2 F, Fop—AS Al T sk N A
SRR )RR 8, 53— N AR TR N A R (1 3 B8 " P A B, X — S5 1R R
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“ADanielson—Lanczos €. WEHUIF:

Hn _ errznk/N hk

N/2-1 N/2-1
_ 627rin(2k)/Nh2k+ Z e2m’n(2k+l)/Nh2k+1

k=0 k=0
N/2—1 N/2—-1

_ 627rmk:/(N/2)h2k+Wn Z 627rink/(N/2)h2k+1
k=0 k=0

= HE+W'H? (2.6.193)

[ 3UFK A Danielson—Lanczos A 2. 78 B, W B X(@2.6.191) 4, HeRR K
ANJ2, B hy W87 AL R HIEEE e 81 0 1 BSOS B A e i o Ros KN /2,
J5 hye B 23 AL R B o 4 (0 B S B A e i LU R JE AT AIUEATS
SRAE0 BN, HHE FHS KEAN/2, BRI sEhs B RER T N/2 Nor i, 55N /2 A
H A A 5.

B T ERg B, AT UL mlxkHe FH? 3047 [RIAE A e, RUARE o 8K R
AN/2 BB EUR B AR, JAT AT BAVE S AN D N /4 R ESAS HLI AR 3 73 5l %o B
TN/2 FeR b KR E o SR P M By e s, g i, JATTATBLE LHE, HE, - - -
739 B MR o3 BB PR 2, A8, - ROEHOR B AR, O TIX Rl T L
—HPAT T L, BATERN N2 BRI, AR SE by A A 2 e A 2 1
T U, WA AE S Bl B3N TS0 2 B B8 2 1T O LUSEAS ] pRad 7. AEN
N2 BB, AR n] A— E AT BT AR e, i BE L A A
U AR S R AR B X, AV BN A B B AR e R AN T
Filog, N e Hlo HIHES1, B

Heeoeoo — b, (2.6.194)

Sebs b, R s AR, RN, P BRI M e 2R, B Msk
ST ERRX R, 0T AN E e Mo RS, ME—3baflsE T 7R A LK R ARk

NI RBUZ S R Se Mo (IHEFIZ TR VR FR, XA SRR Tl 5, 5%,
Le=0,0=1, We Mo {1 FlHES 5 — A28 FIECAR N, FATTHCIZ A 23 1 Hwi e Fl
{8, HARen ik 12 BERIEL . fln, TN = 2%

eee — 000 — k = (000) eeo — 001 — k = (100
(010)2

oee — 100 — k = (001),
(011)

ooe — 110 — k = (011)4

(100)
(110)2
oeo — 101 — k = (101)
(111)

000 — 111 — k = (111),

eoe — 010 = k£ = eoo — 011 — k =

(2.6.195)

I
w = oo

2

Il
- Ol O
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J T UL AGE R, TRAIRCAN = 23 e, T — A b 1§

H, = H;+W"H;
= (H; + W?'H;?) + W™(Hy + W2 H;’)
= (Hy* + WY H) + W2 (Hpe + W H ) +
W™ (Hpee + WA H) + W2 (Hpe + W Hp*?) (2.6.196)

o371,

H, = hog+W"hy + W hy + W3hg + W*"hy + W hs + W"hg + W™h,  (2.6.197)

LA (2.6.196) F1(2.6.197) W40, k e Flo FIHEFZ A1/ ¢ & B AT T 1918 Wi e, JRATTHE
PEAAE N [ — AR RS H T 36 F, (H AT DA— e iE Wl e i e . 20 (R.6.196) th 4y
BT ML RHERW =1 kWN?2 = —1, KAIES], B R, %R0, 4, 2,
6, 1, 5, 3, 7 MIXJFHES X —HiF 7 SR UF &k 192 161587 1 Ja BUs) i 00 400 I+
B, W0 R AR AR E AR e, o (2.6.196) e — AT IR — NS S BN, 7
KB, AfHn=0R8n=1n=2 -, 7 HEAMWELIATH, FEM2 x4 =8 K
Feid; D ha([R.6.196) M5 AT I, IR =0, 1, 2, 3, T4 x 2 =8
WIS dweJii— 5 (2.6 196) 58— 4745, T8 x 1 = 8 Ykafeidk. AUk, B afeid s
M8 x 3 =8log,8 K. LHIHIGVEPALEIHE 2N (Ch2 IFK), gy ik 5 s
5 L AR e (Y BE R

(1) hy, Fe ML B2 BEHIZE IR 5 RS 5 2800 e BRr R A
(2) Xfmaxr =2,4,8,--+ 2, --- | N;
Ftm=0,1,---,max;
X T AR — X i mU BT L AR

O IE, BATTR TN =27, v B Pt Bk (7E — Ok AR O 32 B,
TESEHUIE, FRATT S 0T B B AT — b A7 7 B 5], P34 Danielson—Lanczos A3, 444,
PeAr I ] PSS H Danielson—Lanczos A3, PR —BEAL R, BR T 362 FyL4h,
] DLHEAT 4 By, FES BEAE ) W] LUl id #E) T Danielson—Lanczos A3, #37 BLANE
FRHOH LML W T4 2 800 8, 32 SRk NAE N Ek Bk, Wy i 4 4s k),
7 IR EAE BN L2 B, W] i b 2 1R I 3R 5

YERBI, FATTRFEIEIX 0] [—1, 1] - Runge BREMIAT AR 4. Runge A%~ X4

t
1

1+ 2522

h(z)
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() LEF B FEA LR b SO A2 1 R ek, S T AR T R, % B IX
[6][0,2], T C&HEAT T 2, KIk[—1, 1] A0, 2] 34520 —AN &, HAT HL 25 e /2 A )
(). Pl (@A) 25 AT B AR e (R R

KT LA, A AL X AT IS, B —2 THKFY 0 251X
BEEE . AR TR SRR, AN AN C 8 .

0.8

Figure 2.4: Runge pRELIPIA] HLIH AR

2.7 M FRERRBINTHE

D&%, B&a#K, Rl &6t E

TR EE R 1 R 29 e X N
['(z) = =le=tq 2.7.198
(2) /0 t* e tdt ( )
a2 oy, N
n!=T(n+1) (2.7.199)
T BRSO A Tl R s HE S A&
L(z+1) =2I'(2) (2.7.200)

WERCAHNIE T TR ERe(2) > 1IN AME, WA A A MR R R KA Re(2) < 1N HIA.

P —2)= ['(z) sin(7z) - ['(1+ z)sin(mrz) (2.7.201)

[(z) 760, =1, =2, EAT M RL, ARV 1L e 35 AT
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Lanczos /7 VAL & vH 5T o 85 i B0 1) B e e 1) 7 v, X T — 2 38y RIN DL &
— &M A Hcy, o, -+, e, LanczosMUT LA T 2045 Hi:

1
1\*"2
I(z+1) = (z + v+ 5) e~ (=+1+3)
X 27r[co+zil+zfi2+--~+ziNN+e
(Re(z) > 0) (2.7.202)

X cg~ 1, fRFRE, X Ty =5,N =60 LIfFH]|e| <2 x 10710

2| BRI, TRRB B AR K, W5 B, 7ESE b AR 2B 20U H R om TR
FAHBR T AR — A B ECT. Rk, AR TFE TR AR & ATl H T TR 5L
HIREn(T(2)). H B3 2n (0 (2)) B 22k

1 1 1
In(I'(z+1)) = <z—|—§> In <z+7+§> - (z—i—v—i—é) (2.7.203)
o | (Vor(eo+ 2+ -2 )| (2.7.204)
z+1 z+2 2+ N
XH
Co — 1
¢, = 76.18009173
s = —86.50532033
3 = 24.01409822
ci = —1.231739516
cs = 0.120858003 x 1072
s = —0.536382 x 107°
BrR T R e X
1
B(z,w):B(w,z):/ =1 =)t (2.7.205)
0

(=SSN A LTS N E AP

(2.7.206)

DRI, AR5 T o B 45 R 5B pR AL
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AsERT R EUE XN
_ex) 1T
P(a,z) = o) = T(a) /O e 't dt (a>0) (2.7.207)
"©HAT N B BR
P(a,0) =0, P(a,00) =1 (2.7.208)
P(a,z) MANAEQ(a, 2) =1 — P(a,x) PR TEZA:
— F(&7 .CL') — 1 - —tia—
Qa,z) = M) — T(a) /I e 't tdt (a>0) (2.7.209)
y(a, z) ] AR EER 7~ oK
Z + - + > (2.7.210)
SEERVESLN, FEATEER AT (0 4+ 1+ n), T H 2R AT — R B T 5

[(a, z) AT LA IE 73 AR HK,
11—-al2—-a 2

FQLx)::exx“<———

— _ 2.7.211
r+ 14+ z+ 14+ z+ ) (:1:>O) ( )

@ 721005 FH ANz (2 < a + VISR, iR 7215 T Kz (z > a+ 1) H8K
bk, 8 AT A kR, USRIV A AT REUR T A

2.7.1 RERBWIHE
22 R BRI AR 22 R T XUh

erf(x) = % /O et d (2.7.212)
erfe(x) =1 — erf(x) = % /:o e~ dt (2.7.213)
EATTRA N KR
erf(0) =0, erf(oo) =1, erfe(0)=1, erfc(oco) =0 (2.7.214)
LRFRK AR
erf(—x) = —erf(x) erfe(—x) = 2 — erfe(x) (2.7.215)

72 RR A AT R T b v A S, RN TR0
erfe(x) = (1.061405429¢° — 1.453152027t* + 1.421413741¢

—0.284496736t* + 0.254829592t) exp(—z?)
1

1+0.3275911x
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X H T AR 2V SNL B AR A e By, DL AE A AR T, G e A
PRGBS FoE A LR S, DR, AT I AT
RZEE R B I VE A TE T BB R TE 2045

erf(x) — P(%,ﬁ) (x> 0)
erfe(x) = Q (—,:ﬂ) (z >0) (2.7.216)

I ek TR A AR (NG ) A, 1CAf 2 L A IS I JEE B I 1) 224
fifp AR SE AR T RE N - (R B AR, BUEAY P, P259)

Up — @2 Upy = 0

ulz=0 = No
u|t:0 =0
HfgvI 50N -
X
,t) = Noerf
u(z,t) oer C(Qa\/f)

N T AFBIRAEE, Al A HIASTT R P v SRR ZE R B AEL. AR R 20, a5 Al e L
(LS9

2.7.2 BB HHHE
Ak =15 I N WA TR

0o —t

Ei(z) = ert (Jargz| < 7) (2.7.217)
Xz A—HEffN T RS 5%*59‘%[3‘]@%&5575
En(2) = /100 et:tdt (n=2,3,--- ;Rez > 0) (2.7.218)
AT AL R PR
Fpo(2) = %[ez C2B(2)] (n=1,2,3,---) (2.7.219)
W, (&), 45 FITHAREL
xin < Ey(z) < Hi_ 1 (2.7.220)

XFTSEHUR R, M0 < 2 < 1B, Ey(z) WTHZIACKIELL, X2 > 1B, zeEy(x) 7T
XA B HCRIL L, Pl kA
Ey(z) = 0.00107857z° — 0.00976004z" + 0.05519968z>
—0.249910552% + 0.99999193z — 0.57721566 — In(x) (0 <z < 1)
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_ POexp(=2)
T B
1
t = -

P(t) = 0.2677737343t* + 8.6347608925t* + 18.0590169730¢> 4 8.5733287401t + 1

Q(t) = 3.9584969228t" + 21.0996530827t* + 25.6329561486¢ + 9.5733223454¢ + 1

2.7.3  HERHY DUZE R oA B R RE R B DL ZE IR B BN v
DUFE IR BB BT 50 TR 22 W A8 3, 0 TAE R S8y, IUEE IR R EoE O

()

Jo(z) = (g)”}; EROEYESY (2.7.221)

AN TAT 2 #AZCS, 112 > 1B, 0T Sebrit 2 KA.
My ATEEHON, 5 SR VUIEIRRELY, (2) iR 3UE X

Jy(2) cos(vm) — J_,(2)

Y,(2) = nom) (2.7.222)
M EEHn WY, AR R RS 3.
Ya(2) = lim Y, (2) (2.7.223)
XTIz, (10, M < v 1), VUZEIR BRECEA a1 #ih Rk oA
Jo(x) ~ ﬁ (5) w=o
Yo(z) ~ %ln(:p) (2.7.224)

V) ~ () w0

M5 Kz, (W > v), WIERQBOENE S =M 08 BHIREZ L/ /o 775K

B2 R Th i F WSk
2 1 1
Jo(x) ~ 4/ — cos (x — VT - 17?)

2 1 1
Y,(r) ~ 4/ —sin <x —gyT = Zﬂ') (2.7.225)

B (4. 1) 85 1 AT LA DUZE R s AU .
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Figure 2.5:  Jo(z),- -+, Jo(2), Yo(x), -+, Ya(z) BIEIE

1 ‘
Jo(¥)
05 [ 31
X
0 )
Yo(¥)
-0.5 | Y/(x
2(%)
_1 . .
0 2 4 6 8 10

DUZE IR R A AL 1 B IR HE DG AR

By = "D g
Tur@) = (@)~ Juae)
Youi(z) = %”Yn(x)—ynlm (2.7.226)

A Skt DL ZE R pR B S, B AN R T DS HE R E ), 5
AN EHE M > n B BEOINPEEHE R I, 1 Me < n BEFn N RIS HE AR e
1.

TS DR R AT 45 v DR SE I, 36— 2P e 5 Jo (o), Ji (), Yo(x), Yy (z)
(PR, AR5 ) A a4 o0 RoR A3 Hen . W /Dha B 3L 6 RIEATINIE, YV, (0)
fEr =0 EE w5, K, A1V %k B3 E s 2

xz

Yo(z) — %JO(:U) In(z) and Yi(z)— % [Jl (2) In(z) — 1} (2.7.227)

M0 <z <8I, Jo(x), Ji(z), Yo(z), Yi(z) AT LA 73 SUH BLRBOR KR, 48 < 2 < oo
I, % T (n = 0,1), A FHFT:

J(e) = i{Pn (2) cos(X,) — @ (§) sin(Xnﬂ

Yi(z) — %{P" (S) Sin(X,) + Q» (;) cos(Xn)] (2.7.228)

=

2n+1

X, =
Ty

™
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Py, P, Qo MQuRETRBE I Z WK, (X HLILHES A PR AR IE T 70 S I oy ik
A, 2E7 29 B nl, MR 2 NI R B S AR AURSS &R, X BLay - Re
PP, B WAZAR A ) MR P h A H B3R5 2 0 R 2O R 2

Function bessjoO(x)

Real*8 y,pl,p2,p3,p4,p5,91,92,93,94,95,r1,r2,r3,r4,r5,16,
* sl1,s2,s3,s84,s85,s6

Data pl,p2,p3,p4,p5 /1.D0,-.1098628627D-2, .2734510407D-4,

x  -.2073370639D-5, .2093887211D-6/,
* q1,92,93,94,95 /-.1562499995D~1, . 1430488765D-3,
*  -.6911147651D-5,.7621095161D-6,-.934945152D~7/

Data r1,r2,r3,r4,r5,r6 /57568490574.D0,-13362590354.D0,
* 651619640.7D0,-11214424.18D0,77392.33017D0,
* -184.9052456D0/,
* s1,s2,s3,s4,s5,s6 /57568490411.D0,1029532985.D0,
* 9494680.718D0,59272.64853D0,267.8532712D0,1.D0/
If(abs(x).LT.8.) Then
y=xX**2
bessjO=(r1+y* (r2+y* (r3+y* (rd+y* (r5+y*r6)))))
* / (s1+y* (s2+y* (s3+y* (s4+y* (sb+y*s6)))))
Else
ax=abs (x)
z=8./ax
y=z**2
xx=ax-.785398164
bessjO=sqrt (.636619772/ax)* (cos (xx)* (pl+y* (p2+y* (p3+y* (p4+

* y*p5))))-z*sin(xx)* (ql+y*(q2+y* (q3+y* (q4+y*q5)))))
Endif
Return
End
C
C

Function bessy0(x)

Real*8 y,pl,p2,p3,p4,p5,91,92,93,94,95,r1,r2,r3,r4,r5,16,
* sl,s2,s3,s4,s5,s6

Data pl,p2,p3,p4,p5 /1.D0,-.1098628627D-2, .2734510407D-4,

*  -.2073370639D-5, .2093887211D-6/,
x q1,92,93,94,95 /-.1562499995D-1, .1430488765D-3,
*  -.6911147651D-5,.7621095161D-6,~.934945152D~7/

Data ril,r2,r3,r4,r5,r6 /-2957821389.D0,7062834065.D0,
* -512359803.6D0,10879881.29D0,-86327.92757D0,
* 228.4622733D0/,
* s1,s2,s3,s4,s5,s6 /40076544269.D0,745249964 .8D0,
* 7189466.438D0,47447.26470D0,226.1030244D0,1.D0/
If(x.LT.8.) Then

y=x*%2

bessy0=(rl+y* (r2+y* (r3+y* (r4+y* (rb+y*r6)))) )/ (sl+y*(s2+y
* * (83+y* (s4+y* (sb+y*s6)))))+.636619772*bessjO(x)*Llog(x)
Else

z=8./x

y=z%%2

xx=x-.785398164

bessyO=sqrt (.636619772/x)* (sin(xx)* (pl+y* (p2+y* (p3+y* (ph+y*
* p5))))+z*cos (xx)* (ql+y* (q2+y* (q3+y* (q4+y*q5)))))
Endif
Return
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End

Function bessjl1(x)
Real*8 y,pl,p2,p3,p4,p5,91,92,93,94,95,r1,r2,r3,r4,r5,16,
* sl1,s2,s3,s84,s85,s6
Data ril,r2,r3,rd4,r5,r6 /72362614232.D0,-7895059235.D0,
* 242396853.1D0,-2972611.439D0, 15704 .48260D0,
* -30.16036606D0/,
* s1,s2,s3,s4,s5,s6 /144725228442 .D0,2300535178.D0,
* 18583304 .74D0,99447.43394D0,376.9991397D0,1.D0/
Data pl,p2,p3,p4,p5 /1.D0,.183105D-2,-.3516396496D-4,
* .2457520174D-5,-.240337019D-6/,
* q1,92,93,94,q95 /.04687499995D0, -.2002690873D-3,
* .8449199096D-5,-.88228987D-6, . 105787412D-6/
If (abs(x).LT.8.) Then
y=X**2
bessjl=x*(ri+y* (r2+y* (r3+y* (r4+y* (r5+y*r6)))))
/ (s1+y* (s2+y* (s3+y* (s4+y* (sb+y*s6)))))
Else
ax=abs (x)
z=8./ax
y=z%%2
xx=ax-2.356194491
bessjl=sqrt(.636619772/ax)* (cos (xx)* (pl+y* (p2+y* (p3+y* (ph+y
* *p5))) ) -z*sin(xx) * (ql+y* (q2+y*(q3+y*(q4+y*q5)))))
* *xsign(1l.,x)
Endif
Return
End

Function bessyl(x)

Real*8 y,pl,p2,p3,p4,p5,91,92,93,94,95,r1,r2,r3,r4,r5,16,
* sl,s2,s83,84,s85,86,s87

Data p1,p2,p3,p4,p5 /1.D0,.183105D-2,-.3516396496D-4,

x  .2457520174D-5,-.240337019D-6/,
x q1,92,93,94,95 /.04687499995D0,-.2002690873D-3,
*  .8449199096D-5,-.88228987D-6, .105787412D-6/

Data r1,r2,r3,r4,r5,r6 /-.4900604943D13, .1275274390D13,

* -.5153438139D11, .7349264551D9,-.4237922726D7,
* .8511937935D4/,
* s1,s2,s3,s4,s5,s6,s7 /.2499580570D14, .4244419664D12,
* .3733650367D10, .2245904002D8, . 1020426050D6,
* .3549632885D3,1.D0/
If(x.LT.8.) Then
y=X*%2
bessyl=x* (r1+y* (r2+y* (r3+y* (rd+y* (r5+y*r6)))) )/ (sl+y* (s2+y*
* (83+y* (s4+y* (sb+y*(s6+y*s7))))))+.636619772
* *(bessjl(x)*log(x)-1./x)
Else
z=8./x
y=z**2

xx=x-2.356194491
bessyl=sqrt (.636619772/x)* (sin(xx)* (pl+y* (p2+y* (p3+y* (pid+y
* *pb) ) ) ) +z*cos (xx) * (ql+y* (q2+y* (q3+y* (q4+y*q5)))))
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Endif
Return
End

e B 5 8 DL IR e SR AR RT DA o 3 HE O A SRAS, () IO UF B L AURR A, 8 T
A K, #2838 IR0 7 )38 A ASOE I, (S B A Pl 21 1) KR XA 00), 5
X Kn A, s Z504% Sk 980/IN R 7 1) 35 HE, 30l 00 20038 M) AN BEK B, AR
An ++/Const x n, [ FEBHESR0, FHZHESX

1= Jo(z) +2J2(x) + 2J4(x) + 2J6(x) + - - -
MTHRAIR A, Rt — LR SLBL.

Function bessy(n,x)
If(n.LT.2) Pause’bad argument N in BESSY’
tox=2./x
by=bessy1(x)
bym=bessy0 (x)

Do 11 j=1,n-1
byp=j*tox*by-bym
bym=by
by=byp

11 Continue

bessy=by

Return

End

Function bessj(n,x)
Parameter(iacc=40,bigno=1.E10,bigni=1.E-10)
If(n.LT.2) Pause’bad argument N in BESSJ’
ax=abs (x)
If(ax.EQ.0.) Then
bessj=0.
Elseif (ax.GT.float(n)) Then
tox=2./ax
bjm=bessjoO(ax)
bj=bessjl(ax)
Do 11 j=1,n-1
bjp=j*tox*bj-bjm
bjm=b
bj=bjp
11 Continue
bessj=bj
Else
tox=2./ax
m=2* ((n+int (sqrt (float (iacc*n))))/2)
bessj=0.
jsum=0
sum=0.
bjp=0.
bj=1.
Do 12 j=m,1,-1
bjm=j*tox*bj-bjp
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bjp=bj
bj=bjm
If (abs(bj) .GT.bigno) Then
bj=bj*bigni
bjp=bjp*bigni
bessj=bessj*bigni
sum=sum*bigni
Endif
If (jsum.NE.O) sum=sum+bj
jsum=1-jsum
If(j.EQ.n) bessj=bjp
12 Continue
sum=2.*sum-bj
bessj=bessj/sum
Endif
If(x.LT.0..AND.mod(n,2) .EQ.1) bessj=-bessj
Return
End

PIAEBATIF 18 e 2% i USSR s R 8. jE ot DU IR R BOE SON:

I(z) = (—i)"J,(iz)

Ko(x) = gi”+1[Jn(ix)+iYn(ix)]

2~
NG
Q2
| 2
jg‘/-\
IS

I(x) =~ 1 exp(z)
2mx
K,(z) ~ J;_wexm—x)
ME ok UL ZE R R B b R 2R 5 DL ZE R pR B IS A AN TR], i R aRgh
I(z) = n]zfx) + Lny1(z)
Loi(z) = —(2?") L(2) + I, 1 (2)

Kn(z) = + (2—”) Ko(2) + Ko (2)
T4 RN

1 = Ip(x) — 2L(x) + 214(x) — 21s(x) + - - -
FER| iR, AL MR R
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(2.7.230)

(2.7.231)

(2.7.232)
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Function bessiO(x)

Real*8 y,pl,p2,p3,p4,p5,p6,p7,
q1,92,93,94,95,96,97,98,99

Data pl,p2,p3,p4,p5,p6,p7 /1.0D0,3.5156229D0,3.0899424D0,
1.2067492D0,0.2659732D0,0.360768D-1,0.45813D-2/

Data q1,92,93,94,95,96,97,98,99 /0.39894228D0,0.1328592D-1,
0.225319D-2,-0.157565D-2,0.916281D-2,-0.2057706D-1,
0.2635537D-1,-0.1647633D-1,0.392377D-2/

If(abs(x).LT.3.75) Then

y=(x/3.75) *x2
bessiO=pl+y* (p2+y* (p3+y* (pd+y* (p5+y* (p6+y*p7)))))
Else
ax=abs (x)
y=3.75/ax
bessiO=(exp(ax)/sqrt(ax))*(ql+y*(q2+y*(q3+y*(qd
+y* (q5+y* (q6+y* (q7+y* (q8+y*q9))))))))

Endif

Return

End

Function bessil(x)

Real*8 y,pl,p2,p3,p4,p5,p6,p7,
q1,92,93,94,95,96,97,98,99

Data pl,p2,p3,p4,p5,p6,p7 /0.5D0,0.87890594D0,0.51498869D0,
0.15084934D0,0.2658733D-1,0.301532D-2,0.32411D-3/

Data q1,92,93,94,95,96,97,98,99 /0.39894228D0,-0.3988024D-1,
-0.362018D-2,0.163801D-2,-0.1031555D-1,0.2282967D-1,
-0.2895312D-1,0.1787654D-1,-0.420059D-2/

If(abs(x).LT.3.75) Then

y=(x/3.75) *x2
bessil=x*(pl+y* (p2+y* (p3+y* (p4d+y* (p5+y* (p6+y*p7))))))

Else

ax=abs (x)

y=3.75/ax

bessil=(exp(ax)/sqrt(ax))*(ql+y*(q2+y*(q3+y* (q4+
y*(g5+y* (q6+y* (q7+y* (q8+y*q9))))))))

If(x.LT.0.) bessil=-bessil

Endif

Return

End

Function besskO(x)
Real*8 y,pl,p2,p3,p4,p5,p6,p7,
q1,92,93,94,95,96,97
Data p1,p2,p3,p4,p5,p6,p7 /-0.57721566D0,0.42278420D0,
0.23069756D0,0.3488590D-1,0.262698D-2,0.10750D-3,0.74D-5/
Data q1,92,93,94,95,96,q97 /1.25331414D0,-0.7832358D-1,
0.2189568D-1,-0.1062446D-1,0.587872D-2,-0.251540D-2,
0.53208D-3/
If(x.LE.2.0) Then
y=x*x/4.0
bessk0=(-1log(x/2.0)*bessiO(x))+(pl+y* (p2+y* (p3+
y* (pa+y* (p5+y* (p6+y*p7))))))
Else
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11

y=(2.0/%)
bessk0=(exp(-x)/sqrt (x) ) *(ql+y*(q2+y*(q3+
* y* (q4+y* (gb+y* (q6+y*q7))))))
Endif
Return
End

Function besskl(x)
Real*8 y,pl,p2,p3,p4,p5,p6,p7,
* ql,92,93,94,95,96,q97
Data p1l,p2,p3,p4,p5,p6,p7 /1.0D0,0.15443144D0,-0.67278579D0,
* -0.18156897D0,-0.1919402D-1,-0.110404D-2,-0.4686D-4/
Data q1,92,93,94,95,96,q7 /1.25331414D0,0.23498619D0,
* -0.3655620D-1,0.1504268D-1,-0.780353D-2,0.325614D-2,
* -0.68245D-3/
If(x.LE.2.0) Then
y=x*x/4.0
besskl=(log(x/2.0)*bessil(x))+(1.0/x)*(pl+y*(p2+
* y* (p3+y* (pa+y* (p5+y* (p6+y*p7))))))
Else
y=2.0/x
besskl=(exp(-x)/sqrt(x))*(ql+y*(q2+y*(q3+
* y* (q4+y* (g5+y*(q6+y*q7))))))
Endif
Return
End

Function bessk(n,x)
If(n.LT.2) Pause’bad argument N in BESSK’
tox=2.0/x
bkm=besskO0 (x)
bk=besskl(x)

Do 11 j=1,n-1
bkp=bkm+j*tox*bk
bkm=bk
bk=bkp

Continue

bessk=bk

Return

End

Function bessi(n,x)
Parameter(iacc=40,bigno=1.0E10,bigni=1.0E-10)
If(n.LT.2) Pause’bad argument N in BESSI’
If(x.EQ.0.) Then
bessi=0.
Else
tox=2.0/abs(x)
bip=0.0
bi=1.0
bessi=0.
m=2* ((n+int (sqrt (float (iacc*n)))))
Do 11 j=m,1,-1
bim=bip+float (j)*tox*bi
bip=bi
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bi=bim
If (abs(bi) .GT.bigno) Then
bessi=bessi*bigni
bi=bix*bigni
bip=bip*bigni
Endif
If(j.EQ.n) bessi=bip
11 Continue
bessi=bessi*bessiO(x)/bi
If(x.LT.0..AND.mod(n,2) .EQ.1) bessi=-bessi
Endif
Return
End

Ik
AT LI R, JF5 URBTRERS 21 ULZE IR bR B Bt R HEAR

BB W SJIEE, A2 R, W H, REMAT 5 73 A i e e Bt N, FLam S A g,
AL MR PR R A RS Ao T, SRARAE: P ASRE il & 3
X AU B S (R Bk, B IELTE, P376)

e M i 1
7 kn? — (20 +1)2 1 <(2H—1)7rR) H

ML (z) = Li(z), B Eiings i WZER BT R, v LEHEA Bk S u — u,
T Iy AL, R SRR HRE T, O T B3, SEBR VI XN P e FE P AE T
RN Esh, BIEHE S ETHR MR T HoR. E(2.d) A TR=1,H =2 fu —uy 52 1
KAMITFELER. N2 L, MK N Tp = 0,0.2,0.4,0.6,0.8,1.0, NEIHH I, 7&
FER 2R 7 1), o A0 e v, WA PRI AR ), R T O P88 e v, IR B R, FE AR AT 20T
SEIRAMER R
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Figure 2.6:

2.7.4 FRIERBUPIHE

BIUS B HAE D) B2 () A 1 U AR 28 3B B, B Laplace Jy B AEBRAR bR 1 7)1 AL 58
FI ARG R BRIE B HICH 3 3 iy 3 Lk A 22 TR e X

Yin(6, 6) = \/ 2l47+r ! 8 . Z;;le(cose)em (2.7.233)
FIH K FR A

FATR T LUE —MERERE RS S m > ORI WL TRk, S = cosh, i
BB 2 T XU

P™(z) = (—1)™(1 — xQ)m/QCZlmB(x) (2.7.235)

Py(x) R Wik maX. @ @ik 2 mala R A

P™(cos )

DI EATA T ZEHom > 0 5B
AT R 2 I L R IS R

(l—m)P"(z) =z -1)P", —(+m—-1)P", (2.7.236)
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Pr(z) = (=1)™(2m — N1 —2)"/?
Pr o (z) = x(2m+1)P7(x) (27237

1L, BATIA3 BH S A k4 2 KRR e o h

Function plgndr(l,m,x)
If(m.LT.0.0R.m.GT.1.0R.abs(x) .GT.1.) Pause’bad arguments’
pmm=1.

If(m.GT.0) Then

somx2=sqrt ((1.-x)*(1.+x))

fact=1.

Do 11 i=1,m
pmm=-pmm*fact*somx2
fact=fact+2.

11 Continue
Endif
If(1.EQ.m) Then

plgndr=pmm
Else

pmmp1=x* (2*m+1) *pmm

If(1.EQ.m+1) Then
plgndr=pmmpl

Else
Do 12 11=m+2,1

pll=(x*(2%11-1)*pmmpl-(11l+m-1) *pmm) /(11-m)
pmm=pmmp 1
pmmpl=pll
12 Continue
plgndr=pll
Endif
Endif
Return
End

T = 0 I, B4 U S 0. R0 KO T ik 4 5 e
A AL
WU BEEAE o HISKIT L3485 o (BORAL, SRR IR EIR L)

+V 0<6<Z
R o

-V Z<0<n

HERSME ST R 0 (WD, J. A5k, 2z 35, RESBE, P101)

(r.0) \/_ Z %)F (U —3) <9>2j Pyj_1(cos )

! r

FIFAAT R T ST o0 SO B L8 2 BRI FRERS, BT oA, i 453 21 H 25
B1%, B (2 )20 i, (r = 1.1a, 1.6a,2.1a, 2.6, 3.1a) FIEEHTHAO T 45 5
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Figure 2.7:

2.7.5 MHEAB S FTHE
FA150IE, B

/ azpAw) + Bx)y/S(@) (2.7.238)

C(x) + D(x)/5(x)

ARG i AR R AR R 4. X HLA, B, C, FID AR Z WS &A= xkai Yk

Z I T VSRR AR (e, A58 SO SR 2 RAN e M R AR S i
(a+ bz?)dx

el2(y, ke, a,b) = /0 N GET T (2.7.239)
XHy >0, a,b, kT LURAEfSEE iR B i
r=tang k*=1-—k’ (2.7.240)
FATF 2N SR A S MR R (1 5 R
tan~"y (a + btan® ¢)dg
12(y, ke, a,b) =
€12y, ke a,0) /0 (1+ tan? §) /(1 + tan® &) (1 + K2 tan? 6)
_ [ et oa)sine (2.7.241)
0 1 — k2sin? ¢
g M EUE) e MR ), & X
Y (a+ bz?*)dx
lkca ) 7b -
cellhepa.) / (14 pa2) /(L a2)(1 1 h2a?)
/2 acos® ¢ + bsin® ¢
= d 2.7.242
/0 (cos? ¢ + psin? ¢)+/cos? ¢ + k2 sin” ¢ ¢ )
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A LIRS R %, WS-SR LA IR AN ) nT R A

= el2(x, k., 1,1)  (2.7.243)

B = / do _ / dx
0 \/1—Kk2sin’¢ 0 (14 22)(1 + k22?)
X HL
r=tang, ki=1-Fk
— R ] R R A
K(k) = F(g, k) = cel(ke,1,1,1) (2.7.244)

S SR EA R AR S TR

o2 1+ k2a? _ )
/ \/ 1 — k2 sin® ¢do = /0 172 \/mdac el2(x, ke, 1,k2) (2.7.245)
RIS ) AT R

E(k) = E(%, k) = cel(ke, 1,1, k2) (2.7.246)

X ARG L, YR SCITET B el2 Flcel IR IR A — A “ BRI 7 SRAf ).
Bl GRS AR, e BURE D m (RO T (AR SE R B, P87 I E A 1
[ I, HCRAE O T2 BV A 0, WHRIKE 3 T FE N

6 = %siné’

Hhg HEIIINBLE, 20 << 1 I, sin0 ~ 0, LR G M, htka] SR1G p21)

J3
T() =27 £
9

AT RAGBER, TSSO
T26 = (27)?sin

AP IATRLAO FEBU 1
do
dt
Kb B H A AR PSRN BRIRA, + FRon0 WhJsm, — 5380 NI
Bnb: Wi Bl i 2 A )

= j: \/2 (cos @ — cos «v)

TO do

47T sin? % — sin?

NI
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1.2

1.15 ¢

1.05 ¢

oUT

Figure 2.8: HUE I 5 ds R A 2 18] 1) 56 3%

Tt =00, 0 =0 %E0 <t <T/4,0<0<a2MiEsh ERHsind =

sin § sin ¢, iy

t—TO—/
,/1—51 %

Hk =sing, o =tgo, ke = V1 — k%, 20 = a I, ¢ = T, HILAFERI ™4 19104

1
—TO_ k’) :TO—BZQ(I,]{?C,L:[)
2m

12 2
T = ATy—F(2 k) = Ty—cel(k., 1,1,1)
27 2 s

] [@.8) fe 48 LSt AT ~ o KR,

2.8 My WEITRLOR K ORI

XL AT R R s TR A B R EE R, S 2 R AT /EM. Abramowitz & A.
Stegun 4w 5[] Handbook of Mathematical Functions "4k 3.
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Table 2.2: i — B AEAR 23 191 MR R

:l:l’i

|

w;

n=2

0.57735 02691 89626

1.00000 00000 00000

n=3

0.00000 00000 00000
0.77459 66692 41483

0.88888 88888 88889
0.55555 55555 55556

n=4

0.33998 10435 84856
0.86113 63115 94055

0.65214 51548 62546
0.34785 48451 37454

n=>5

0.00000 00000 00000
0.53846 93101 05683
0.90617 98459 38664

0.56888 88888 88889
0.47862 86704 99366
0.23692 68850 56189

n=~6

0.23861 91860 83197
0.66120 93864 66265
0.93246 95142 03152

0.46791 39345 72691
0.36076 15730 48139
0.17132 44923 79170

n="7

0.00000 00000 00000
0.40584 51513 77397
0.74153 11855 99394
0.94910 79123 42759

0.41795 91836 73469
0.38183 00505 05119
0.27970 52914 89277
0.12948 49661 68870

n=~§

0.18343 46424 95650
0.52553 24099 16329
0.79666 64774 13627
0.96028 98564 97536

0.36268 37833 78362
0.31370 66458 77887
0.22238 10344 53374
0.10122 85362 90376
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Table 2.3: ZERFEY) VUE AR 1115 1

n +x; n tx; n t+x;
2 0.57735 02692 | 5 0.83249 74870 | 7 0.88386 17008
0.37454 14096 0.52965 67753
0.00000 00000 0.32391 18105
0.00000 00000

3 0.70710 67812

0.00000 00000 9 0.91158 93077
0.60101 86554
6 0.86624 68181 0.52876 17831
4 0.79465 44723 0.42251 86538 0.16790 61842
0.18759 24741 0.26663 54015 0.00000 00000

91
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(71 RONIBGE, ZoRTEA N (E)B = B x 107

1

w;

‘ w;e”

n=>2

0.58578 64376 27
3.41421 35623 73

(-1)8.53553 390593
(-1)1.46446 609407

1.53332 603312
4.45095 733505

n=>

0.26356 03197 18
1.41340 30591 07
4.53662 02969 21
7.08581 00058 59
12.64080 08442 76

(-1)5.21755 610583
(-1)3.98666 811083
(-2)7.59424 496817
(-3)3.61175 867992
(-5)2.33699 723858

0.67909 40422 08
2.04810 243845
2.76944 324237
4.31565 690092
7.21918 635435

n==~6

0.22284 66041 79
1.18893 21016 73
2.99273 63260 59
5.77514 35691 05
9.83746 74183 83
15.98287 39806 02

(-1)4.58964 673950
(-1)4.17000 830772
(-1)1.13373 382074
(-2)1.03991 974531
(-4)2.61017 202815
(-7)8.98547 906430

0.57353 55074 23
1.36925 259071
2.26068 459338
3.35052 458236
4.88682 680021
7.84901 594560

n="7

0.19304 36765 60
1.02666 48953 39
2.56787 67449 51
4.90035 30845 26
8.18215 34445 63
12.73418 02917 98
19.39572 78622 63

(-1)4.09318 951701
(-1)4.21831 277862
(-1)1.47126 348658
(-2)2.06335 144687
(-3)1.07401 014328
(-5)1.58654 643486
(-8)3.17031 547900

0.49647 75975 40
1.17764 306086
1.91824 978166
2.77184 863623
3.84124 912249
5.36067 820792
8.40543 248683

n=~§

0.17027 96323 05
0.90370 17767 99
2.25108 66298 66
4.26670 01702 88
7.04590 54023 93
10.75851 60101 81
15.74067 86412 78
22.86313 17368 89

)3.69188 589342
)4.18786 780814
)1.75794 986637
)3.33434 922612
)2.79453 623523
)9.07650 877336
)8.48574 671627
)

(-
(-
(-
(-
(-
E_
(-9)1.04800 117487

1
1
1
2
3
)
7
9

0.43772 34104 93
1.03386 934767
1.66970 976566
2.37692 470176
3.20854 091335
4.26857 551083
5.81808 336867
8.90622 621529
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Table 2.5: Fflfi— JE KU BTSSR E, LR N (E)B = B x 107

:|:$7;

w;

2
‘ w; et

n=>2

0.70710 67811 86548

(-1)8.86226 92545 28

1.46114 11826 611

n=>5

0.00000 00000 00000
0.95857 24646 13819
2.02018 28704 56086

(-1)9.45308 72048 29
(-1)3.93619 32315 22
(-2)1.99532 42059 05

0.94530 87204 829
0.98658 09967 514
1.18148 86255 360

n=~6

0.43607 74119 27617
1.33584 90740 13697
2.35060 49736 74492

(-1)7.24629 59522 44
(-1)1.57067 32032 29
(-3)4.53000 99055 09

0.87640 13344 362
0.93558 05576 312
1.13690 83326 745

n=>7

0.00000 00000 00000
0.81628 78828 58965
1.67355 16287 67471
2.65196 13568 35233

)8.10264 61755 68
)4.25607 25261 01
)5.45155 82819 13
)

(-1
(-1
(-2
(-4)9.71781 24509 95

0.81026 46175 568
0.82868 73032 836
0.89718 46002 252
1.10133 07296 103

n=~§

0.38118 69902 07322
1.15719 37124 46780
1.98165 67566 95843
2.93063 74202 57244

(-1)6.61147 01255 82
(-1)2.07802 32581 49
(-2)1.70779 83007 41
(-4)1.99604 07221 14

0.76454 41286 517
0.79289 00483 864
0.86675 26065 634
1.07193 01442 480
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Chapter 3

HH 2 PEARE

X —F B AT R g B s b AR T 2R R, B OCF R AR S
SR et AR BT A T E A PR M R IEM R 2 —, BTy — L
o3 58 B AR B AL A8 AT 75 TR 21 K BT AR 25 Rl AN A RS ok ) ok AL b, b d
% 1) & Linpack flEispack, 55— Kl £ 1 7 B 41 000 8 B34, 58 AN 2ok i %
Tolt 4 05 AR AU AR RASAGE 1) 8 () 38 AR ) R, X PN 4 4 IF W LAPACK#K 1
fu, HIEARLEAREBBLASE A, AT AR LT BT A I 2 PEARE ) L 3K SR A ]
fEhttp: / /www.netlib.org % 3% 3k1F, ZEREE B -1 3T 19 L 2 AFEMatlab b bl #44-£0
T ARG S, nT DA B 5 (s A

R 55— 71, KRBVt TR &R 2, A BRI A%, 6 T L85 0 fi FL ) i)
R ARSI 2 T ARG 2 K. D, AR I T L RATPE A LR WL R AR K )
R TH S5, 6 T AR Hh il 380 1R A DA 520 4 P i i, it 27 e St iy T i 2
[FIbRAERE T

3.1  EIUH BEEMEMEAET R4

S N ORIVt o Y AV A A A )
A-X=B (3.1.1)
L, )
ailz Az - Qip
A— 21 Q22 -+ QAagp
ap1 Ap2 - Ann

N ESIAE s i o 7 G S N i - N 1 o2 0 S | N L = 5 2 SR G S T I N W
% (FORTRAN 5033050, 28 =70 M), JFar At 728978, (HPTRERE A7 50l BRI 3.

a4
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H—n x nFlE,
X = [$1,l’2,"' >$n]Ta B = [b17b27“' 7bn]T

AF . AR, i RR B L) M T A s S
X=A"'B

B AN T FR A A AL, — A SEHRSE R 2%, Hok S f A 2
R B, 1 oG, IR AL RS 4720 Jal 3R LA 3 24 I 05 e AT AN, A9 A R A
25— 5BRan Ah4h0, [, XEAIFEEREB JtidT RIFERia 5, gt AAEgmIE, XHEHiE
B S AR R DARE B 55 L T AN, 1A (1 ie SR A SR JsUy
FEALAOME. FHA AOZE AT 70 50 3f L 3 2 Bl 55 J0 g AT AR, Rl I X B A 1R A: 1)
BH, AT DEA 28 5 BRag AMRTCERMAN0, XA LA H (7)) T N &, A
B A AR TR, Hofd nl B

SR, IR REIFAN B RS )y, 9 b HEHIX — AT RS, KR 20 ) AR
ToIESRAME, — IR RIB 7, W ay = 0, WRARE Do AR i PIZ— Ry
AR R, BT — AN TR ) — ey KRB0 TTREUT T, Sk
b b, NAZIE Ry B RBUN LR B R T R 5 2 AT #, A n] Al N iR ZE fe /. BEAR
ik, XFan # 0 BT, BT al DARRKRE— A ag i, fa, R A LB K1 7
FEAESR — A, X RO RS 0. 28R, JA IR T )5 e S Z kA TiE 3ot
B e RS TIT R RSO T AR FEA [ AT, X IR I AN SR ST R AR, P B
Toits R AT HAE B WIF KK e B, WRAESE— RN, eV R —
DACRBE KA TR A, WTREREMES S A SR W, seiix— e
PROWIEAT TG, T LB AR (P ARSEEL. 347 ool 10U REI i, i
CAFETH SR RE D AR EAR B AT T CHIR , AEBUR IR B U RE R, IX il e 4 4=
oo riE ik BAISLZI T LU B, 3K R TR — 27 BRI AR A AR ] 1M 5 7
A FEREA T R AR, e, A R gt [Nk (e k7).

3.2 LUMEE:

T DI 1) 7 90 5 A AT DA A — R ) PR o 2, (AT AN R A, X A
FRFE T R A B, A, AT EE R IXAE 2R R A, R EOE B 2 45 7€ 1Y,
{EBBE ] M AR HAFRSE I EAENE. XX — 2R n) @, LU AT T B Aok I M.
fBOE FATTAT AEAE BE A S5 i Ry
L-U=A (3.2.2)
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KL — N =R, Ukt A L=k, B0y

o1 0 . 0
e 9 (3.2.3)
ETE
[ /811 /612 e Bln ]
T (3.2.4)
0 0 Ce Bnn |

MG, EEL) TS,
A-X=L-U.X=B (3.2.5)
T X —AREY KN IR
L-Y=8 (3.2.6)
iy
U-X=Y (3.2.7)

F R 4 5 B O 7 (B2.0) (B2 s A T 9, (B228) T FH i 0
RN, B

b1
Y = —
a1
1 i—1
(43 ]:1
1M (3.2.7) AT H 1) J AR SK A,
Y
" /BTLTL
1 n
T = E[yi—Z@j%] i=n—1n—2--,2 (3.2.9)
i1 j=it+1

FARTHE R ERE T U, B, R T EEA LU E, X TAE—B, AT
F42(3.2.8)) H1(3.2.9) = fif B v AT ] SRAG LA
ST 1 ] S R AR BE A IOL UM, ik, BAVS TR (B.2.2) o g

ailﬁlj + aiQ/BQj + -+ Oéiiﬂij = Q4 Y < J

i1fij + apfoj + By = ay A i=
@i Pij 4+ infoj 4+ B, = aiy A i>
(3.2.10)
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FASAR? AR, WiAR? +n AKRMEL, BT RMEEH KT RS H, A1
DME IR En AN, SRJERBX T FE. AR &
ay=11i=1,2---,n (3.2.11)
)5 R (3.2, 100 T LA +43 7 (SR . LA 0 B BROA Crout SV, 63k
WEE—AN =1,2,3,--- ,n, FEIFHEEH:

1% =1,2,-- 4, MAE2.10)M—, =m0 @.2.11) Kk 6;;, J

Blj = a1y
i—1
Bij = aij_zaikﬁkj 1=2,3,--+,] (3.2.12)
k=1
2. Xi=j+1,5+2-,n, FIHE210)MHE = Rkifay;, B
1
T

1 I
oy = = lag— > awBiy| j=23,--,n (3213
Bis k=1

T A RN 4% B T i A LD, DABRIE:
o JFE([B.2.12) F(3.2.13) Ao, S7E T B C4H .

o TG Aay P FLFEL R AL, i, o, 808, 7T AR fRay, DA77
A,

HSEMLUN R G, HiFEA 220t~

ﬁll 512 T Bln
agr Pag o Boy (3 9 14)
L Qp1 Qpgy 5nn

FEH I Crout HVE R, FA 1A & I8 T2k 370 i ) 8L X JF A R A 3270 1 32 BUA
HE 2N TARIBIG . AR AT SCHAR D [ LA &5 PRl iR (1 Sk 2 —
FECrout HkH, HRIES T o0, BN IXFAIF AN e Js U R, i (X DAL 5 RE i 2.
P, k5 oo )a, JAHF R SERr i A BIHET T R4S Ja B AERE LU 23 i

%>
THIEH], FELUMR T, FEE ARIAT 5130 h s

d@t(A) = H?:lﬁjj

WA RS L U il voF SRR A B REEE 2 T 20 H SRR P BL
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3.3 =XATREHARIKM

TP TE PA 1 F) 5 2% R DA R AT AT e AR RE A PR SR AR 1) 7L, AELAE SIZ B AR R H i 31—
SERFIR I SRR 2, X L85 REA =4 R vl UM It (0 — A5 2Rk, (R R BAT 78 70
A EATFR R TE, WRT BLEE PR A3 RIS R, o8 AR FIRE I THSL A AF T SR A B K11 1 e

=X ORI B R W AR B SN T RE A 2, AR R TR EE YRR A7) T R SR
fifb e L, A ] A PR ) SR AT AU R e B, DAL BRAT I e SR AR k. =%
forkedle e F g gl

[ bl C1 0 cee | [ Uy [ ™
az by cg - U2 T2
| .. (3.3.15)
ap—1 bn—l Cn—1 Up—1 Tn—1
i 0 a, by | | un | | T
Xof LT R T S 0 23020k 8, SURT AR 2T 9 B LR, flk i T
1. é\ul = Tl/bla M= 07 Xﬂ'] = 2737 L2 ,ﬁzjéﬁ
o ¢j-1
E bj—1 —aj-17j-1
T‘j — CLjUj_l
’ bj — a;j; ( )
2. Xj=n—-1,n—-2---,1, {Fizsk
WUj <= Uj — Vj+1Uj+1 (3317)

4.5

SRIEW_E TR ST 522t (3.5 15) Ok

T — SR, Bl AT TG IS 5L, TR 5 T R IO B 57 7 1 4514
T 7 R O 5 0 TR TR 3k S0 Rl 3 S R, £ 7 7
YL AT AR G I e, TRk, 3K SRMa KA N R AT B, I
SRR L3R 7RSI, TR LS LU AT, 4 e 22 BT 4 Jo I O 4%

3.4 SEXRRHA R AR RUAAE 1) &

TH R B AR ) R ) B PRI, B, R BRI — R s B X, AR5 F BE 8 R ¥riX
— R I BACTT RS W 2940 7514 Givens 775 Householder J7¥2:. i FH ¥
BRINEAQR JIEMQL Jriks%. X — T EA HHouseholder JHEMQLI %, ANi4:
H I FE P H Bispack, X & — N0 2 425 50 1 A4,
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3.4.1 Householder /7%

Householder JjvEifidn — 2 B IEAT A —n x n SEXNFREEFEA L4 K =5 AR, H
R T 6T 1 GO A T R I 0. 3R — AR 1) dpe B A 1) 8 ) & Householder £
MeP, B HA M Ea

P=1-2w-w’ (3.4.18)

RKMw A —SRkE Hil e | wl> =w - w = 1. FEFEP ZIEACH), X 0] U ek

P2 = 1-2w-w')-(1—-2w-w")

= 1—4w-wi+4w-(w -w)-w'

=1

FULP = P~ i(3.4.18) WHIPT = P, FLP~1 = PT HIP h—EAcHRE,
1P 5k

u-u?

H
AL H = S|uf?, u A —EEARR SRR, Wikx A B SR R,

P=1-

(3.4.19)

u=x7F x|e (3.4.20)

KHey =[1,0,0,---,0]" AL RE, RS AYRERE LU 3 AR ZE.

u
P.-x = X—E‘(X:F|X|61)T'X
o 2u (el F fal)
2|z |2 F 2|z|xy
= x—u
— +[x|e, (3.4.21)

X4 R, HtP AR E XP g€ KiEx LI, F4x MRS —DIoRAMR
HICEAAO.

H T ARSI A AR A =0 TS, FRATTIE B A — N Householder FRFE K%
Hx AA FEE—5IREn — 1 Ao, BRI

x = [0,a21, a3, 7an1]T (3.4.22)
TP, AT _ _
1 00 0
0
P =0 (3.4.23)
N
0
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EHEPM h—(n — 1) x (n — 1) 4k Householder %if. FIP %FA BEATAH:, 755

[ aii k 0 - 0 ]
k
A=P,-A-P=|0 (3.4.24)
Aln—1]
0

KAk b (3.4.22) IR Ex B E B G, AU g (n — 1) x (n — 1) 4ESt
FRH .

BLAE, 44 2 —NHouseholder HiFE 1)K Ex AP ({5 —5JGn — 2 4t
%, T2P; A

100 0
010 0

P,= |0 0 (3.4.25)
pooph
00

Jr b AT B R R ORAIE T 58— 28 A9 B ) =0 A B XA 2 03X — 20 1 AR 4 v e 25
Py XFA" BEATASHRE R 50 A =X . B4R, eidn — 2 DIXFEIOAR R, JATTR:
13BN =R AR

SEBRTEEP - A - P I, FEANT BN ORISR, N S, AR

A -
pzT“ (3.4.26)
A
T
AP = A-<1—“};1 ):A—p-uT
PAP = A-p-u'—u-p'+2Ku-u”
EHREK e X8
u’ -p
K== (3.4.27)
i
q=p—Ku (3.4.28)
J
P-A-P=A-q-u —u-q° (3.4.29)

e MUY el Eirhs e SN
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WERAE TR xRN0, WIX— AR MIC R 34T, ik, vTg I T FE, &
X

—

e=S"Jaul (3.4.30)
1

WRAENARKGE e = 0, MIBPILIX — AR, 50, Wag B han /e, R May, AT
A H A S Householder 224t 1 5 50 22 IAHXT KN 26,

>
Il

3.4.2 QL ¥k
QL FR I EEA AR, ATAT S kA e mT LAy i Ay
A=Q-L (3.4.31)
HrhQ J—IEACHERE, ML & — T =M. I BTy fa Py b el e, W4
A=L-Q (3.4.32)

JiFiBA3Y) EWRAL = QT - A, TR
A=Q"-4-Q (3.4.33)

BPA” JEA B — AN IEAC A, X T —RSERFE, T DAUER, Qs s A AT BIRAR e, A Ff
KA AT DL 2 T b X

(i), WERA PIAMEAL I ZERAE N | 2 AFIR, WA WSCF— N = AeE, AR %
Y XHE RN A e H A,

(i), WIERA F5E—AHLAE R LR N | RATTRIIEEp, WER T —Ap Br AL Txt AL
BTSN, A ST =R, B A BRI T

X BAAE WAL, X EAIRGT . X TSR R, WA WS X f i g R AR
RAHF AL RN . L= ocai&a T2 Ry

(s) ( i ) °
a’i o —_—
J )\j

X Fhrs AREBARREL B || < [N, 24N 50| BBEL T, WSOk 2 IR18 1. A
TRPOX — 8, AR AL S AR T FATAAE S e X A v SR RR AR B, T]
PLR B XA B BAR T 1. RTIX LT LA, 152G J. H. Wilkinson and C. Reinsch
Linear Algebra —15.

Py B WK g — R B JEOKRE M, XA 1 ) A i rh & L. WilkC h—Je
KEFE, C = A+ B, WERA, AT = A, BT = —B, N, 5FEC FATEAR W) 8 n] DL
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AR A SRR B () T . C P AR AEARL ] 0 A2
(A+iB)(u+iv) = ANu+iv) (3.4.34)

A IR RE, BAT125 RS 1 (1R AL A ] i

“]:A[“] (3.4.35)

3K SRR ) AR AR B R, 5C AT A, Ao, -+, A, ASTE 0 B s + 0,
75 P2 BB I AL AN, Ay A, Aoy, A A 3 ASAE L [, 0] R [—v, u]”, TR0,
P E R0 W O 5 S FRATT 2 48 01T 1R SIS TR O e vk, g vl DASK A JE oK R A PR ARk
i ] L.

A —-B
B A

Ik
TR W AT B R
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3.5 SMANEAE 7 M EHE T 7

FEDVEN by AT IR I AN ZORG i v S AR A RAIE O i, 1 v 22 F S AR
E AT GEDIATERERE) , XA H At SRS R 5, EATNER
E ST =R (B, HOIRARRED % BRI 5

R T AR _
A1 B2
B2T A2 B3
D= BsY A, B, (3.5.36)

Bl A,

PR A m, x mg I FRERE, TIB m, x m 1 (TR . 25 Dm o f 1A%, (HIRAR
SEm SN, RS AL BIZAE R /IS IR RE P 7 TR A

P. Dean M. D. BaconfE19654F (£E19604F-DeenfIMartin ff) = R34l B ERH T
WP (P. Dean and M.D. Bacon, Proc. R. Soc. London A, 283,1392, 64-82(1965),
P. Dean and J. L. Martin, Proc. R. Soc. London A, 259,1298, 409-418(1960) ) 1
(M) Rk M AT R (DT FRARMEER S ED , B4

n(D — EI) ZW (3.5.37)
Hrr, DR,
U =A,-FEL-B/U'B;, (i=23,---,n) (3.5.38)

FATAUEW XA B GUIEWI R REIFAAED , AT X FE S ] LSF RS X
AERL, WU AT DA IR A GRS , WA R, B e
NAE, AMED — EURAAMEEEH A%, Ria, AWEINE, o5 XN
D — BT AR R H o d b H 22 2200 ol LA B4 EGEA BV P AL (S $L
ERVNIIEEEFor

X =R SR ARRE R, X T i R e B AR

-CL1 b2
b2 a9 b3

b, a,
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2 24(3.5.38)), (3.5.39) Kk

U1 = a1 — E (3542)

>l
— o RO B T LU I a0 A R . e AR — AN —4E R, RIS AR Na,
A R A% SUTR] ) BRAE v LAEUEL bR . bR LA 3B IS 3207 X HES o HAE BN R . Meth
K, c— b, ZAb; b— be, & Hhbe; b — be, ¢ — b, R Abeb. REIX—A5 e, n] LIS 3

beb

bcbbe
bebbebeb
bebbebebbebbe

R A T DA I AN T — 00 20 2 5 S0 I T A 2
WP ENFKE RIS (2000-200000) , Bla =0, b=1, cfE1-22 [0 TH, FIH 7
AAEAE T AR B R S

AR Z Y, FRATTSERS B I T 45 B A AR, i 75 2 /N
AAEAE GERD FRANARIE CGE—BORE) o XPXFEM R, a7 DS s ik
=

BEARATIIT ST 1) I L () B R S R R D, IS [ g). B MBS IE— R
[0}, KEEGMEBNN, —BIFEHLR AL 2K,

DEH T RE0OMF R RS, Hhbe L —N5|0HEARK R}

bi|1} = D|0} — ao|0}

Fj0} T b5k, 731
ao = {0|D|0}

by AR . FEAEF—
bs|2} = D1} — a1[1} — by [0}
K2} 5[ MOHEEL, {201} =0, {200} = 0, 1931

a; = {1|DJ|1}
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by 1AL S AE 5
ARELIX— 1R,
bs|3} = D2} — a2} — bo|1}

R(3}H 2P| 1HEAL, 133
az = {2|D|2}

PR E by . XFERE I3 5]0HEAS, BIR
{03} o {0|D[2} o¢ b {1]2} + ao{0]2} = 0
X B AT A, ISR RV EIEAS I R =
0}, [1}, 12}, -
A K — 2 A1

o, @y, g, - - -
by, bo, by, - - -

LK EEHHA Jle— A =5 F AR

-ao b1

b1 aq b2

D/ = b2 a9 bg

b, a,

XA SE B LR T U R E AR e, Py UHCAIE R M R . (HA2,  RIRAk
FEARE, BEUGEHE, TRERA R ILEAIRES IRy, I T BUEAPESAIAR. Ak,
W KRR HE20IR 22 A, IXFFAR B — A LR RN TARZ AR R, AN Al g S bk Jst
FEFERI BT AR R BRI R A SR R A AR B R B ) SR ARAS LA LU e, e KA
LA 5 SRR P e KA AR B P AR, I8 (R AR AEL PR 50 A1 5 Js R B A MEAEL ) 0 A
WARGRMIIER . AT DU RE U S AN
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HL 3 v 5T

4.1 Maxwell J7FE, 144 a5

FLRE 7 1R 23 BT AU SR ) BRI TR A mh 8 o A E S g by & A Al o Maxcweell 5 18
M. WEy B, Wl i 23 B R0 S 18] R 485 ki o 2 5 R a2 A e il FR SR A BAAR R o
FITEVT LAy AW R, —FGEMENT IE, o — Mo BUETE. T s SRR 1
s AT T BTG 95 08, e Ll ] T I AR ATy B (s, A5 ) B0 e e, B v
FEAR A IR X — 5 A (BUA W B ) IRAR T D2 7 PRAETHe . BUE RS i vksk
W ) 788 g A7 00 W 3 ) g vk, B R SREL ) v A R, R TR R R — R
IIM TR X R AR R BV SO, TR A IR ZE SRR R JT s ik, 3K AT
I e 22 P D TV

Ha 3 E B B S SE  Maxwell J7 R, & B T 28
( 0B
VxE= o
V-D=p
oD (4.1.1)

H=J+—
V x +8t

\ V-B=0

A, ENHEIE, DA K&, BAWEN SRR, HRIA R, pFI 50 5 4 B fer
PRI . T A i R PR G e o, b e & & TR0 A2 1 T R A AL 7 R
D=¢cE
B =uH (4.1.2)
J=0cE

Horbe, p, o709 v A B B, 3 0GR BONT L S 3 FE PRI A B0 2 ST, A oY
Rtk R B e, p, R R ESRAL. AEIRXPPIG B K DL i Ay, TR A 20 A, Mt 437 %

1N~
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AR A RAR, XM IRAS N I I A AR

(1. (Dy—Dy) =p,

nX(Ez—E1>:O

DX(H2—H1>:J3
dps

Jo—J —
n-(J2 =1y dt

*WMﬁ?ﬁLM JRL AR A 2 WAL R, p ok H G 2 8, T o0 E H I HL U
E%%%%%%Tﬂmm&ﬁﬁﬁﬁ%ﬁ

VxE=0
p (4.1.4)
V-E==F

9
T LAk, 7T LA kR K. 4
E=-V¢ (4.1.5)

WE LA R AL, A ELAIE R W R I

__7
Vi = . (4.1.6)
XIS A5y AR B ISR A T A
¢1 = P2
06, Oy (4.1.7)
51% - 52% = Ps

X ER LY, T8RS RS T =R A A
L 4 e B A BT B B . X H AR N 2 — R IR B Dirichlet A {i )

E'ﬁ

Z%Emﬁjﬁ%%%ﬁ%ﬁ%wﬁ FOPR N 2 SRIAAH ) A8 BN eumann 12 {§ [7]

.

3ELﬁm~%“ e BB, , T %%mﬁiﬁiﬁﬂmﬁﬁ%ﬁ%m.ﬁﬁ
FR AR A 1 E 1) .

AJ DAGE B a8 b o = e R i 2 A AR T ELME— I () i LD, J. Jakson
Classical Electrodynamics John Wiley & Sons, Inc., 1975, P42)
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4.2 FEHFZET

R TR ) R 2R 2SR RO, XL N A T A R O Ot I, X
BN ZRE KB .
W RS (), AT SR BRIy Ax = h, WA bR B 88

Af(@) = flo+h) — f(x) (42.8)
PR RHLf () Az )UK B AT 2200, BRERTAR O 2250, 2200 B nl e SN
Af(x) = f(x) = f(z = h) (4.2.9)
PR RRELf () Ao B — B 1) )5 2275
Af(x)=f <x—|— g) —f (x — g) (4.2.10)

RN RRELf (x) fEx s — B 224
2= ER LA AR B R, MRAEAN R 2 0 3 AT

. S _ flath) - f@)

Az h
NS fﬂ_f(x)_f(x_h)
B ) J5 22 7 - Az = -

i A L@~ =)
AT RS, 1R SRR TR L, ML, — R e SRR SR O —
BRI R RATAA T — FHI R BB T DU, Taylor RETFSL

h? h?
flath) = fl@)+hf'(x)+ 5 f(2) + 50 @)+

(4.2.11)

fx—h) = ﬂ@—hf@%+§fﬁﬁ—§f%@+“'
T LA 3
fla+ h]i —I@®) iy = %f"(x) 4= O(h)
ﬂ@‘i@_h)_f@)::_%f%w+~-20@)
flz+h/2) - fa=h/2) e _ Z—Tf”(a:) =00 (4212)

P B ECRT N, rho ZE i AR T iR 22 S R W], U Iv i 22 A 0 ) i 22 s — v, ERTTTORS 32 dse
e [ B 22 E 2R, FAT TR WIS 22 R s B 22 B 9 B O 2 R e SR
A’f(x) _ Af(z+h/2) — Af(x—h/2) _ fa+h)—2f(x)+ f(z —h)
= - = o (4.2.13)
Fo L Al

AQ}{;(x) — f”(x) —|—O<h2)

FIAT BR 2293 T3 303K k73 75 R P gk £ I R gt 2 A BR 22 20 A 3 o, Ao 3oy s e
W oh 2293 T3 RE, SRIG R T4 2250 J7 FEHEA T BUE R A%
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4.3 “YiPossion R T ZE 0K

XA L i Possion 5 RE 1 5 SR 1) 3 A 49 oK AR BE WA BRZ2 0 T 1) J BERT 52
LT, MR

Ve ="
{ € (4.3.14)
¢ = f
X TP R, 7T AR R, (310 P AT
¢ o _ p

on T g = (4.3.15)
- LA T SRR P ) R ] DUR AR AR RR R (2, 7, 0), FHTXRRPE, A5 0TK,
It Posion /5 £ 8H

o 0% 106 _ p

@+W+;E__g (4.3.16)
SRR AL A Y L 8 S e, 0T (T3.05) M (13.10) S & F I
g —E, AImT T4 — b2,

Py P ads _ p

w—i-ﬁ-i-;a = —g (4.3.17)
Yo = 1, SR T HEFE X RRIGY, BERS (r, 2) A2 AR AL bR 2 B9 4% ) Al ) AR A Mo =
OFF, AHIY. T 41 o) f, eI () 2) X6 S T B A AR AR R R ) (y, o). ABCE FRATT I I fif X Jak
an WU FRAT TR FH R 0 P A T 1 A b ) LR 0 X Sskadb AT R4y, 4 B AR,

A

r

Figure 4.1: 4= ] (] P& Xl 73
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r

Figure 4.2:

111

K ¥ R BB — A A% 0, T LA R O R, AR L, 2% 2 R —
AR R (I 0) R AR /(12 M 1,2,3,4), WU Ri1,2,3,4 FHLFAAE AT ART0 s FE 3B R 7
Hiok, x1,2,3,4 kA A Taylor & T, 11

Hy b AT A

fEA B, BATECE A, ho,

2 /92
2 /52
¢2 = ¢o+h2(%)|o+%<%)lo+“
2 /92
2 /52
¢s = ¢o+h4(%)|o+%<%)lo+“
(5), = i vy~ 00
(5), = sy~ -0
<%%> o TO(h3a+ ha) (64— d2) + O()

(4.3.18)

(4.3.19)

hs, ha ATEIFT NG, HAT =5 2 220 W i/, LR
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Gt AN O(h). A Possion /7%, JEIE 2L O(R?) LU T H/N &, A5 2

ha¢1 + higo 5 hags +hsgs 200 240 (64 — 65) = P
hiha(hy + ha) hshy(hs + hy)  hihy  hshy (hg + hy) °
B 515
C1¢1 + Cagg + C303 + Cupy — Copp = _fo (4.3.20)
Hr
( 2
o=
T hi(hy + he)
o 2
27 ha(hy + hy)
2 o
Cs = — 4.3.21
° 7 hy(hs+ ha)  ro(hs + ha) ( )
Ch 2 + Q
4 h4(h3 + h4) 7’0<h3 + h4)
2
\00—01—1-02—1-034—04— Il + Toaln

2 ([4.3.20) 5 ([4.3.21) —#2 Fr Ky Possion 7 FE L s 22 0 4% 5.
ST HERE xR, LRI A (ro = 0), J7 R (4.3 20) AN BT, 2 5 1) T SR o i 2 18 B p 38
A ar sk, W92 AEr = OFbEaT0, IR 4r — O, 4

lim 1% = (@)
r—=0 7 Or N or? 0
K, fEr = O I, ek X #R 1 Possion 7 #& A4

Po P p
53 T2 =2 (4.3.22)

8% 2 2
<W)|o = h_z21¢4 — h_?;(bo

INTTAEI - 15 5 2% (13.20) T s R 22 4 A 28, (HIC R BN

fEr = 0nt, (WLFE4.3)

(C’ 2
Y hy(hy + hy)
p)
Cyp=— "
> ho(hy + hy)
{Cy=0 (4.3.23)
4
04:ﬁ
Co=0C14+Cy+Cs+Cy = + 1
\ 0 — 1 2 3 4 — hlhg h
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1 hy 0 hy 2

Figure 4.3:

X SR DX B A AT R (PR ANFE X 5 B 0 ), TSl S R 2200 U R, T
FEF I Co, Oy, Co, Cs, Cy SR RE T LK E R REL, 118D do, d1, da, 3, parFiF KIKA KN
B BN A AR, RENR, IR B H TR H . AR At
M S22 TR, S S R A, X2 SRR A A, X, WA A
W, BATAUE ST T n AN EAMAREOT RS, Al Bt S5

A-$=B (4.3.24)
T T SR AT R AT 43 2 Il 1R % o
X R TN T Y ) TR ZE A I, X R AR S ) B =Y, LR
AN R ZE G FIREI 7R AT R AL B — 4 r) i,y = i 22704 2

4.4 ZIITRERIKIR

7E b, A1 B T Possion 7RI ZE 4y JiRE, 3% — Wi ig HLk. e (320 R4
PEAR KL PR, JEU0 T L T A 2 i SR A 2 P AR Oy R AL 7 sk A, 1L
R BT BT R R BRI, — KR 2R B A e, AT b R
F(320) MRBIEEA, & RA T H0E 5

1 AR ATRESERE, 52 F, AR 4TRSS s R S B A A

2. A DRBAERE, BRI R AR, IR ATIB B A N R H iR
N R H Jin, WA —n x n HiFE, — ARS8 T3 moks I, MR 1554l
NEBHRZ, KA IR E s .
H T AR 3R P 5T, FH 0 (1 AR A I ) RN A7 A 2 ) 0 A T o YR B 1Y), B E R,
TARIBHEEE, nox n A ICE T RERAS TR W AE. i3 ARIPE T, — B IS AGE KA.
A =R AU vk
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4.4.1 AR EARE—Jacobi ik
BRI 2 4y )7 A2 (4.3.20), 0S5 N

Gy Cay Cay il p
o = CO¢1+ COQZ52+ COQ53+ o 4 Coe (4.4.25)
T —IE AR, Dy IR L, FEIA AR NS D
C C C C
k+1) _ Y1) L2 k) Y3 k) Ya (k) PO
0 —CO¢>1 +CO¢2 +CO¢3 +CO¢4 Coe (4.4.26)

A ERIIRO©, R B A A AN B TR, EBEAHT S RN T — 45 1
WRZEM ik WTRAIER, AN goO Uik, 2k — ooy, oW ST 2200 T REMIAR.
A[LA26) AT, VLB R 4 LRI S — s AR B T FE 190 A 3T Ay PR A BB R R AR
gk, I RA S E KK AW R S58 R, Al THREEE + LIRITHS, IXFE, St
AR N R ECPNAF R EIC, DUEAFARRE P OGEACM e, a8, sepeit SR W], 1X
P AT VA RIS AR AR

4.4.2 BEIXKIERHFE—Gauss—Seidal L= T

XA 0] ] AR AR — M R S, AEIRART, A O g RPE Sk 4 LOGRAR, an sk
FHABHKE s 803 s SR e 4 L R A U DU R AR (. S0 AL 1S 0 X
WERAE 27 0 v B A2 W Ae 2045, AEr J7 1) (R o B & AT 21 E, W Gauss—Seidal
S AW/ WS .

3 Plo

) _ C1orny | G2y G ey | Gy Plo 4.4.27
0 CO¢1 + CO ¢2 + CO ¢3 + CO¢4 COE ( o )

3 YCEARTL IO S L f] S AR B, [ ) DAY A T SN LA i, RO B4
Al i,

4.4.3 BEIKE5MIEATE (Successive Over-Relaxation)

BB B AR S MR S —Fh 7, BN TRTIR A vk 2 ml. BARVELE, 8
Fk + 1R Gauss-SeidaliE AT 1) 45 B 5 55 kU EAR I 45 R 34T B394 B W Sk + 1k
[FIEARAE. ick + 17k Gauss—SeidalikfCI 45 B A o, W

- Cgsny Gy oy O3 evry , Ca ) PO
— ~2 bt Zap® _ Plo 4.4.2
¢O CU ¢1 + Co ¢2 + C() ¢3 + CO ¢4 C()E ( 8)
oI = wdo + (1 — w)pP (4.4.29)

(A 28) TN ([L4.29), 735

(k+1) (k) Ch (k+1) Cy (k) Cs (k+1) Cy (k) Plo
) =(1—-w)py +w| =20 + —=¢y + —=—0¢ + — - — 4.4.30
0 ( ) 0 (Oo ! C(] 2 C() 3 Co 4 006 ( )
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Mw = 1, B Gauss—Seidal B4R, wlR A EAKS st K1, XY BHJE A7, 7T LA
WE, M0 < w < 2, EAR(LA30) R WS, M1 < w < 2, EAR[LA30)FR b AL
sth AR, A Y o R hy B8 A st 1% AR R . a2 AR BRL 1 38 BOGS WG ST B 1) s e AR K, —
EHMAETER, W H, RARRKITEREA K. T E R S T, 0 S
TIERA A DL, BN ORI T GE b m k84 F 2 A HF L
S (Bt 77 R HABRR %), A5 hpRAL, 1979)

o™ kA 9T BB RVGE R IR B = 1,2, - nfRFEn AN A A, 50
[fi =0, 1, 2, 3, 44RK— 55 S ILIT AR 1), HUHTAE P URIEAR K152 22 1R 135 A

1 n
ek — — (k) _ pk=1) 4.4.31
€ - ;:1 ¢; " — b ( )
i
=(k+1)
AR = & (4.4.32)
)

A5 R UGEAIT I DB AR st R T A ™® | 5 X

(k) (k) _ 1)2
s (AW tw 1)
uo= CIRG)E (4.4.33)

W HS K + TUCGEAR R S 1 Ay w B F DRI

wktD) = (4.4.34)

2
Y
HEATHO 15 2 A, R I BRI B, w0+ — w® TR
B (11021, 9 P Ao P e R AR R 7, AT E52.

SARAR VO AR 2N T TR 5 U2 BT, B T4 1B S8 102 T
ST AR 2

S D _ 0
Y
SR B
Maix {6 — 6"}

f i i BRI, O TIE B R v ORGSR, N R 22, ot B 2P Kk, AT
BN RUAL, SRR SR EREE TH AR AN, S AR R BN, IR, X TS BR
TR, IFAR BRI AN Ok AR il A, AR i iU B (RS R AN SR, 5
IR PR

A IRZED IHEMSTERE, TPkt g, tHAE BN, EXHL A AL A R s, X T8
PRI AN, ARAEAL B, 5 A3 870 SRR DX 3 i S AR A LA KT 3 A0 1) X A2 AR
BOFZZ R ), A PR AR AN RS . XL IR, AR BT i UF A BR e 5 % nT LA 2
B AL
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4.5 AR

HTE T —HERIT T EERES, X— 8 — TR0k HE—Ae— x4kt
PRREEESF - {y(x)} M—ADEHNESR. ﬁn%ﬁf AR N KRS, AR Fr

Bk IcHRy(z), RPN ANET G, WFKT ek By (o) Kz 61, 18
J = Jy(x)] (4.5.35)
1 2 3 4
* x
1 N
2 4
3 4
B
4 4
Yy
Figure 4.4:

RATKF—NZRIOBI T, AR, — IR A I ey = y(x) DARIR O AT
513, FLF 0 i 2,

prmy = 4- .
Jra= [ / (45.36)
HA, BREER, X FA R HEy (), KA ARBRET, Kk, T &Py () 12 A,

T'="Tly(x)].
ITFZ R T [y ()], WA R Hy () Gy (), WIFERS T2 68 T 22

AJ = Jy(z) + dy(x)] — Jy(z)] (4.5.37)

Hoy(x) — 0 i, sEE3TIARBRFR A iZ o8 T [y ()| AS 53 30 6T, Z4ABLT o 3 B4,
2 RISy

57 = / 55‘] Sy(x)da (4.5.38)

b B BROIZ T (25 SR, U Ay (o) HNZ B, SRR A B ey (o) =

yo( )HTEXWE ul
5]

0Y() 1y (@)=yo (@)

=0 (4.5.39)
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Fﬁ%ﬂ/ﬂﬂ?
Bl—: J = y(xo), ZHNT = xoxi LRy () MIME. D T A0 RS a5

—+00
/ 6(z — xo)d
oo

HAZI: N
+00 +oo
6 = / (y(z) + dy(z))d(x — xo)dx — / y(x)d(z — xo)dx
+oo
:/ d(x — x0)dy(x)d
5 (E5.39) i
(Sy(l'o) 5($ — )
dy() ’
5] — \
J = / y(x)"dx
A

b b b
5.7 = / (y(@) + Sy(a))"de — / y(o)de = / ny(x)"6y(2)dz + O(Sy(x)?)
484 SH0h

5J n—1
=ny(x
oy() (@)
15 = ,
J:/ eV dy
HAZ

5T
5y()
MIX LW 5~ FRATTE 2, 32 05 R BCE IR 2 AR BT, A X st — 20 T Rz ok S Lk
SR 2 T L T T A . R T BRATIE I — PR R 1172 B — A0z bR, FF 3R SR
V. X Pz bR D) ) 25 AN Al A A H B Y
T RN, Bl 17 18 e AR 2 TR B ) B2

oy 0 0
J = /F <x1,x2,~~ Ty Y, ai,ai,--- ’&ng > dridxy - -, dx, (4.5.40)

Ly = y(a, 2o, ) nICEREL. A TFRARL TR S AR I 2 1 I A K 2K
TYZ B M) T BAE, BNk RAZ 58 (5,400 FORR (L. I MR AL, 0t 7 b Wy PO 4

— (@)
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GFHPFH AR R R sy, A2 R U A BB /M. I8 A AP OT IR, — R
L, P R, A
—, BIEE: G F PG N SR BE S {pi(vy, 10, -+ xn) ), —RIXE—A
LTS, WALET NAS R Ty, A5 2
N
Y= Z Cip; (4.5.41)
i=1
3 L RARN (L5.40) JE 58 RSy, ME BB R I N AN Ry, o, -+ en BB, TS
RRARL 1) 1) 30050 2 A A 3K 22 TG eR BRI 1) 8. 60 T-45 58 RN, SRAS 195 T (I BIAELR MY 1)y
Iajjym )”\'J
y($1>$27 T 7»’Un) = lim yN(l‘bﬂ?Q; 795n> (4-5'42)

N—00
?)ﬁ%?ﬂ’lﬁ v ) i
=, e AREE T R AR 0y ) BT AFRATTSR T8 — B AR 4. AT
‘ ) ((9%)] dxidxy - - - dx, (4.5.43)

4@4.5.40,
. /[

A Oy AER 7 DB B B e 0, % B30 B AR 715 21

OF ~ OF
= o ()

U Ry (AT TIHURAE, Wty 0T = 0, oyBRESRAEA ST L0 SEAERR), WA

aF Zn:axl (W) —0 (4.5.45)

ox

X—TJFEFR W Euler 7 H2, —RE — Tl T RE. IXKE, V2 BRARAR in) SR A A k43 T R IR

SRR ). IX— it R AT DL SR AT, an BRI — o D7 R B, X — Tl TR A

H—Z R Euler J7#E, FRATHE AT LA 53 5 A2 100 SR AR 1 8 4 A0 DA 32 R () B AL i) 78
XFFAT TG AL I 1)@, HEuler 7724

_/1_'_y/2_d< y/ )ZO

2v2gyy  dx \ \/2gy(1 + y?)

HREL = L T
\/1+y/2+2,d ((y—’)zo

y(1+y?)

y3/2 Y dy

FeLLyP2(1 4 42)3/2, JFHEP4G
dy — y'dy

hat:4 -0
2y 1+y”?
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i,

y+C2

r=—v2cy—y*+c arccos L
1
cr, o N R, WA, B g, EG T BT AT TR R .

4.6 A RRICITIRNBLRELAE
50— 45 LA A B 8 7 R 1, AT HRC T B AR, 1 T 0340

e,

20 _
{ Vie=-1 (4.6.46)
Sr=20
X — A W) &2 PR
1
Flg = /Q (Vo Vé— 2f6) dV (4.6.47)

fEuler J5 2. XHOQN T B [ . SRAELAL IR e (4.6.46) 15 (4.6.47) 45 H 13
BRI DAL W A5 DRI, AR SR AR ML il 75 (4.6.46)), FATTvT UYL Bk (1.6.47) 4 i
(R332 R AR ARL T L, FL 5 SR 2 Tt ) i 1 i

N T BRI s AR, T A A 58 A R AU A IRTT T R I B B T
R SR XIS AT BRAS /NG, AEREAS P03 8 (1 bR 2, PR e AR & 1S 21 e
WL {0}, 1CRFRIRE S {0} ETT, HT R BORBRARLIN) 55K T AR KL, 43 21 1)
[rafige.

Figure 4.5:
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NI A I A 18 A A BR T VA R A S, LB T S BRI T
SRR B ekl oy AER T, JATET T = MAIERI 5y, 12 e vk S B AR T 2
12, ABA BRITIE IR AN BRE S e iR 23 532, A3 A0 A ot vl AR, AN, A i
K& 2, =ML v L Se i (e R 2, T8 AT, — Mok —4edfE] /2
VU T A4l 73 T ABOE B THE SR A D 73 gy A e, BUAEE= LA — on(BUE
FeNHIC) AT M. AR e b, BB wi(p), i = 1,2, -+ Kk}, HHEN R
TR, X T =BT, k= 3, ph BITH AAAR. WS Ce AT KRBT 504

k

¢ (p) = anwi(p) (4.6.48)

=1

SHL o FAT— R (MR . 702 TE IR AN T, AR 9 py. pas -+ o pes B2
o (AR SR B 0\, 0 6, TR

( k
56) = Z aiwi(pl)

i=1

k

(e)
= Giwz‘(m)
’ z; (4.6.49)

k
o) = > aswi(p)
=1

\

wi(p; )7 LIRS o it T DA R 5 e, F A SR BR Ao T TR (WA 19 ) L AE R
AR

ay = Z Cu'(bg )
i=1
k
(e)
ag = 02i¢i
; (4.6.50)

P bt %) (16.48), 7451

B = Y s wilp) (4.6.51)
vy
= Z (Z Cijwi(p)> ¢§e) (4.6.52)
k
= Y N (p) (4.6.53)



4.7. HAMRIC kKR —4ELAPLACE Jif¢ 121

AL WTLMEN, G = 1,2, ER BN RITEEHA,) IR T AN,
AT LA B — 2L RN PR KL, T LAFELIC 5 b O REAN 3 AT SN X L

o [ NOw) peA.
NE(p) = { : N (4.6.54)

VE R A DB S R A AR5 1 ks, AEREAN TS L

k

6 p) = O\ Ne(py) (4.6.55)
j=1

PALitE,
N () = 0, (46.56)

XA, AT EEAS oG T 3 R HOFHE) 2 7 8A X, H X 223 o MO A2
FE I, Wl il, /£ R0 FOCZ MMAT L b, A 50 70 i Ry ade 6k i K ot
ANVESE. A, SR 1055 o8 RO AN ALV D i o PR R (B0, =4 e T R B30 A8
PRl LI RO, R BOEXUE ). Dk, Bedl]nd 38 & =43 ¢ o8 Bw (p) I T AXALAR L R
BHEARATANAS e ac e g BIESE, X REmN SR G k. aeid & ia, 75 8n M kar
MHERREIN (p), i, = 1,2, n, PEAEn g N5 ARSI X BRI R UM AL R R

Ni(pj) = 0y

XAE, BT AU SR s BT I — Sk R B TS 21

6=>_ oil; (4.6.57)
=1
fo 7B (T 751
ZS

oF
o6
A B — /N 0, TR, KA 1K (1.6.57) 4380 7 10 S .

0, i=12-.,n

4.7 HEMRITHEKME —4Laplace 77 FE

XA AN AR R R, U AT R OC s i S g e I R AT
B2 SRR Y Laplace Jy RE M2 IAAE )L, H T REN

{ Vi¢=0 (4.7.59)
or = f
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SX Ty REXH . (A2 5 1) Ay

Fl¢] = %/ﬂ [(%)2 + (g—j)j dzdy = Min (4.7.60)

X A8 gy n) i BAT B LR, R R R AE = —Ve, LG L&
Dyae s, 1ALy I AR I LN R 73S S AR A A A R b 1) R e BUAR AR (52 BB AR/ MED).

A BRTCIER TSP BT

-, &'Jh\iﬁ;:

JA BRICITVEVHEL, SE0AF SR IX ) 73 A7 BRAS AN B 1A 3T, BUIBCh =
TEHTT. TR TT 1 TG (79 ) A7 A e BB D AT R, — A 5 S SR G P A i Y
DX Sl P FAAR A AR B PR X A 28, s 2 TR IR 4. 5o TR A A O, )Ry
b U SE il D R Y R T 6 e e e sy i T NE RS A S Al AU B U AR (N AV
FHEREAS VUL BN 53 i = A, 40 PA.GT . 30 F 1 e ik 453 77 it 0 S B Ay 4

Figure 4.6:

X

B B T LA 2R — R T R, A T I, L R B R Aok, T —
LD H N, LB C. WHINWT A [ — LML, X S g5 ] DL A
AT, AT RS2, Do, WA RS Tl + 1,10 + 2, -+, 1. LAIXEETY SO T A IE
AN AT S 1 = AR M. ER S = A TR, B G R A 8K i, 17 HL 22K B
A RS e A B BT AT A BE AT — A = MAIE A B L BN S RIERROY —
ANBATE, e N ITIE A, T A RIE SRR 2k 0. XS0 S 2k H RE DL ook,
Pl 61 ) = f T At i — AN SRS G,

Bl EC S Ol RO E L REAE T
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AR T AN WA BT, R W, I S AR AT 1, 2,3, fEERIT
W, Iiﬁw—fﬁﬁ{l,x,y}, JJ:E, HICA AR R A

¢ (2, y) = a1 + anz + asy (4.7.61)
BERLITGI = AT, 2, 35 REIARER A (21, 91), (2, Y2, (3, y3), I 1, o, b3, W i1 (0.7.61) 5

d(x1, 1) = a1+ ary + sy = P
A(x2,y2) = a1+ aoZs + agls = ¢

P(r3,y3) = a1+ w3+ azys = ¢3 (4.7.62)
b T g
1
ap = 2A —(a101 + as02 + azos)
Qo = —(bl¢1 + bagpa + b33)
1
as = X — (101 + c202 + c303) (4.7.63)
Hrp
a1 = T2Y3 — T3Y2 Ao = T3Y1 — T1Y3 a3 = T1Y2 — T21
bi=yo—ys by =ys — 1 bs =y — o (4.7.64)
Ci = XT3 — T2 Cy = X1 — I3 C3 = T2 — T

fE B, A S RGN, HAE N

) Iz )
A= 5 1 Ty Yo | — §(b1C2—b261) (4765)

I x3 y3
L ([@.7.64) ) AR B (4. 7.6 1) Hh, AR B0 — B G P ) A M R eR R

3
1
_ bt oo AT,
1) SA ;:1 (a; + bix + ¢;y)d; (4.7.66)
FE X
N = 1 — (a1 + bix + 1y)
! 2A
. 1
N = 5 (a2 + bt + c29) (4.7.67)
N = —(ag + bsx + c3y)
3 2A

W e N FIC PR 3ol W5

3
89 =" N (4.7.68)
=1
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FE5 I, BATA RN £ T _Ebre URIRIE S e Hion. X &E— N ITHR Al e 4 4
[ o0 A BATIAE X AL 2 2 Ph A (e e K, DR 2o0 B3 P T3
P A A R LA, DL v PSR B B AL 1.

=, R AHHT
T4 T o W TR 16 (LTGO0) TR, o8 M 0 54
1
% = E(blﬂﬁ + D22 + bs3)
g_i = i(cm + C202 + c303) (4.7.69)

AT R, IR PR B RN, R LTE A I R, AR
AT NI A R, Rt B TR R 1 KN T 2%, BRI
RS E S 7 9 AT P38 3 5 113 M 9 B

H(7.69), TSR AR E AT IZ 96 (17.60) I 5k

@ _ 1 90\* | (06
s 2/Ae [(m) +(c‘>y ey

3 3

1 e
= 5SS 096, (4.7.70)
p=1 ¢g=1
o,
o 1
alt) = 1A (Boba + o) (4.7.71)

h T RN, BRI B IGe B T A B ASK S ', 81, 2, 34 5 [e], gale], Jale], T,
R ET70) T 5

€ 1 €
FO =23 ) 05000 (4.7.72)
p=1 ¢=1
BB A:
TEPTAT [ B ICRHZ B8 B STRR IR R, SA3 21 172 R (4.7.60) FIE
3
1
Flg] =Y F9=23 3 afoiie (4.7.73)
all e all e p,g=1

AT LA I BT A O g AT VT, A E)
1 &
Flgl =5 ) Ki¢io; (4.7.74)
2,7=1

N T PO R, 73 B ér, = 1,2, I3RS EOF LI ZE, 1531

l1
Y Kygi=0 i=12-- 1l
=1
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o, 5L FAT R CRIIRE B 4714

lo I
D Ky =— Y Kyd=u (4.7.75)
j=1 j=lo+1
BRI, A
K¢ =u (4.7.76)

X — AN MEAREOT R, v T H B VR SR AR, — HRAG T W8 ¢, whnl oF 5 X
AR — R LA
70 SR VD S S — SRR (1) 7 VSR AR A BRTT R (T.76). K — i —
AN AR B, H BT 1EE, XIARARR . X T IXRAE P, W R — 4R oR, [ NAE
PR KBRAR. I H— N — 40Tk, T K SRR, PIFRAT R 7 217
XL EREM E=MMoTER. e F) Bl R B AER oo, WAL T AT,
WS B ) o
ti=i—ki, (i=1,2--,l) (4.7.77)
WAR, 1 = 0, WHFEK 1) = A 850 O 380> Sede AT FHZ S — A — 4ER AL, il
KAL), FRA A N B R, P — NN L L), FeE AN ond e Uk
Nii]=t+1D)+ta+ 1)+ +(ti+1), (=12, (4.7.78)
X RN B w4, N[1] = 1, S H TK P REaEEAHA h g, ol
WA[N[]] AK 5 Ne ez, —Bih
Kj; = A[N[i] — i+ j] (4.7.79)
HA TN gia] LU s R os BK. iR REK 15 K7 96 (Max{t;}) Am, WA KcHR
$rs < mly, N IICEB N, B2 (m + 1) x Iy MERE I, M EEAHK W x I
AT, ARl BORINAHZE AR K.
0 Flo = 680 Rt I T [@.7.80), b r oK b i Rt %, <
JGCE A LU AR VEAR 7 e e 2 4EAE A I R 2 5

1] 0 0 0]
X 0 0 0
x % |[6] 9] o
K=| (4.7.80)
X X X X
| X X X X X _
FEMLAER T, Ty (A P 9 sy 2 (17.76).
decJa, FARUEEH— T R R FE KR R Era iR 2
1ok, =1,2,- 1
{ iy =0 (4.7.81)
u; <=0



126 CHAPTER 4. Wik HTHH

2- Xﬁ%ﬁﬁgﬁﬁAa /7"\7/ = jp[e]aj = jq[e]7p7 q = 17 27 3
(a) WD > 1y, NEALFE;
(b) Wi < Iy W <o, WK <= o) + K
(c) Wi < lo [N > lo, Wy, <= —aly) é; +u;
E—4ERoR N, RIS EA N
1Lo%i=1,2,--- .1
t; <=0
2. MPTEIHICA,, i = jile],ia = jale], i3 = Jsle]
(a) Wi, > 1o, p=1,2,3, MMEAIE;

ﬁﬂ%h < lo )H\Ut” < Max(til, 11 — ig,il — 23)

Wity <l Wt;, <= Max(t;,, iy — i3, — 1)

Wiy <ly Wty <= Max(t;,,i3 — 41,13 — i2)
(a) Ny — 1,

(b> Xﬂ‘ZIQ,B, 7l07 Nz <:N7,71+t1+1
4, Xﬁf”ﬁﬁﬁ/ﬂﬁfﬁﬁe, i = jp[e]a J= jq[€]7 pg=123
(a) WHi > Iy, AMEAFE
(b) i <y [FETy < 1o, W
WG > g, AMEAEE,
i, Wi < g,
(6% = Nj —j +Z
K, < af+K,

(c) B < Lo WG > Lo, Wy, <= —als)é; + u,

(4.7.82)

(4.7.83)

X IR A AL B T AT BR T VSR AR 4k Laplace J7RE )L, AU FATTH]
LA 2, A PR TT 1Y e B R, ) 3E A 1 Ab PR 2% F i e, (H g — D T, A PR
JUITIETE TR B (8 AR AR U %, 70 sl A 2 I, ol B IR ok 10 AL A7 A

S, BN 7SRRI NE. AESEPs AR, 2 SR L A ) RBUE 5 S 1) Tk

AEEBA g BRI B U F g IR v SR T AR AT AR R 2.
REAESLr vt 57, 205 FEAR 2 A0 1. [F) 22T HEA RV Sl S R & & A —

SR R R AT
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Monte CarloJ5

BB AT S Hh BA -+ AL, IX— 5, AR B PRI A7 oK
IR — Tk

5.1 BEHLAR & KA1 A

X5, AT HBENLAL 5 R LRSS 1) 8, BEALAR & (LT HE 2Rom)nl 2 W
B, R HU LA B e LI R A S Ay, 2, - Ty, HORE RS —
ERIMEZE K1, pay - -+ Dy - PR AERIRRER S0 An; ) — BB BENIAS & SnTIELL L
i, WELEX A [x, z + 0] WHUERIBEE Ap(e < € <2+ 0x), &

plr <& <z+dx)
§z—0 ox

F@)FE AR I3 AT S S8, AL X Tl [a, O] A IRIABER ks X

b
p(a§§<b):/ f(z)dx

WA R IH 4k, )
STpi=1 MEBCEEEHA R
=1

/ Y@y dr=1 AN

RELUT [~ o0, 2] MR, B, f(z) = L.

1O
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Bt AL AR F B 2 3 e e U

=D MBS

E(€) = /_ooa:f(x) dx XIS R LA B

Ty ¥ 5E N
D(&) =Y (w;— B(€)*p;  ABIEUBENIAL R
MQ:/W@—E@fﬂmM S 5 P L 2
T A A T

KREGERE: WE, &, €N, - - A—BENLR B P41, AH B ST, BA TR A, HE(E)
a FEAE, WXHEE /N e > 0,
< e} =1

1 N
A}lgéop { 'N ; §i—a
X HIEH, AR R P ], BN R, W AR5 B IR T
PRFEUT, it i, AR 3 DU 2 e S 1~ LAk 2% W S

DB E BT W6y, €, L, 0 BENUAS IR A, TR, ELA R RE ) A
HE(&) = a, D(&) = 0® 4745, WN — ool

{Z@ f} vy I

16
{ Z&‘ f} o Al
%
\/%/0 T —1—a
24 N AR,

(5.1.1)

1 Y X,0

N Zzlfz —a| < N

EOLIINER T — o, 1 — oA ATE KT, a, 1 — of1 X, I EU < 5 W3R 1)
R I, M X, = 2.57580, (5. LI)BOLFIHER T 4 499%, i, % 5

PECAH 2 .
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a 0.5 0.05 0.02 0.01
l—a| 0.5 0.95 0.98 0.99
Xo | 0.6745 | 1.9600 | 2.3263 | 2.5758

Table 5.1:

5.2 JEREHLER A4

FERERA T, S E I RIBEALEL, i, BT E ety = A BENLEL. 7 A BN LA
JRE— AR, — MO S, — MR BeA s, BT R LR 2
JiiE. MBI IRE, AETH LB BB, XN —ANTRER), M REPAEIs T
AT S R e e e i 1, AN BAERTRENLPE. (H 55— J7 T, 58 mT LU E AP,
AR AT A A AL AL 2 AR A ZOR I AL, O T 5 SR BEALE ),
AT H AT R 5 AR BN LA A IERE N LA, T RS BEWL O 21 Al g R 537 2
ff, e @, X PP NN BOT I E R ASERI A EETE, 410
SR ARG, A, A8 REUE LD BT H I BEA LA ) S50 1 R 3, A5 0, dn SRAE
RS B R LR B F R TR R, T e A R R A5 AL
B, SRS ) AR SRR R 52 (R AR, BRI T s R R

I;11 = al; + c¢(mod m) (5.2.2)

K 0, ¢, m AR, i R R AR AL, T, T, -, TE S5 M,

¢, m, X PR IR ERENLECE A LR AT A2 9 I 0. DA, O K0 90 552 s
M, N1 P AJFORTRANTE A SR A o] 7 E2 BEA LR 3t 7 sl T LA A2 225K

JRAN = MOD(JRAN*IA+IC, IM)
RAN = FLOAT (JRAN)/FLOAT (IM)

XHERAN ot MEXIAN0,1] BRI ERENLEL. 5% T REW AR R IE £ 2
a=16807, c¢=0
T, fE32fiALAs b, R RTE AR LA (L, 230 2 1) ) B AL

linux=1inux*16807
if(linux.1t.0) linux=1inux+2147483647+1

R IH , W 2R R B S LA LR BB B4R, R H
(MIBEALACA 2E A% Fibonacci & 2B d, HoBr I BEA L b A i ) > © 245 2 i BE AL ECE 1
n, JRERerF 2, P SE L

LTk+1 = Th—17 — Tk—5
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Mo < O, o o+ 1. IX—SZIFR A 170 Fibonacci & 25 2%, 7 LAIE I R 1 (72 ¢ Bk sk
R, AT 23 IR aa A A 17RNS, AR s TANBEN LA A AE A L U

UNI=U(I)-U(J)
IF(UNI.LT.0.0) UNI=UNI+1.0
U(I)=UNI

I=I-1

J=J-1

IF(I.EQ.0) I=17

IF(J.EQ.0) J=17

IX—FENLEL A A A ) BT DUIA 211012 ) FEACEW 2 KR 4r S b v S 75 2. Han) A8
) — A BE ML & A 2% & Shift-Register & A= o8, A2 SEILFK AR250, XABLF & —
N E RS . R250MEE CVAEH 1250 AL ST, )5, 5251104

Tos1 = T1 D T1as

A

Ty = Ti—250 D Tk—103

g — RN ST —A, XA SR
Tk = Tp—p D Tpq

X RN #E L I A iz oriz H .
HER(p, A EH
(98,27)  (1279,216)  (1279,418) (9689, 84)
(9689,471) (9689, 1836) (9689, 2444) (9689, 4187)
X HE A (R R AL, D R AR R e AR e T A . X A
fal R RS2
X T — NGB AP (y), FA14 2 35 0 A I BENL B 3R 2 0 A P (y) 1
BEMLE . BPIRAT G LB Dl e 8 (v), X T R IR0, 1] & M5 73 A i,
Hy = f (z) F2HEP (y) Ay, FE2

URTE2S

M
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LR8O A

0, y <0
P(y) = :
) { Xe ™My >0

F<y>=/_yP<y'>dy':{ b=t

1—e™M, y>0

i
y:f(x)EFl(x):—iln(l—x).

ANSERE, W T RZHo A E, BRI JTOER TR, DA BT e
i, ik, @R E TNk,

5.3 HMonte Carlo 7t EF4)

PR = F i, JA T dE e B AR K, T H R I VAR e B, X2 A
NP R R RBUE TR B R, W ha™ | X Ha 2L KRN THE— HR
YIS, NOAR IS B AR ESR RS AN AR s, WMonte Carlo Ji vt S 4EAR
Iy AT DR g AN TS hrrb o B S BRI A0, S SR IRA THE — A 2 4EAR RV o 2 ST BE AL
HENAS A, X1, X9, X3, -+, XN, M

/VdemV<f)iV 5

()RR AR,

1 & 1 &

NI N2

)7 FE(p.3.3) AT TR AR A A, T 5 IR R ZE AT (X, = LIFRA(S)

AR M), R BRI L TV/N, BT s By 2. Rk, o TIA S

fE?El’J**fE, — PR RN, AR AR, T G IN— AL R, R N 10065 T
&, N2 M, FfiTHMonte Carlo J5 it H A

1 1 10
/ dl’l e / dfﬂlo E I’ZZ

XA 0 LUEAT R ok, Hi4E 5 h10/3 ~ 3.333333 -+, N & HMonte Carlo Jj kit
EE B, T LIS R A B L8 S I AR

N <f> <f>-10/3 sqrt ((£72>-<£>72)/N)
200 3.26346 0.698731E-01  0.659725E-01
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2000 3.33163 0.170660E-02  0.209839E-01
20000 3.33331 0.267029E-04  0.667506E-02
200000 3.33352 -0.184298E-03 0.210897E-02

5 R BRI OV RN T 22, b, AR ZE RV B ST, TR B4
AT, g (x)iix— 404, W52 (B33) e

2y _ 2
/ AV~ (g + \/<(f/g) >N (f/9) (5:3.4)
14
FErt () Do TSRO g () HURE IR S FF LA T e 4
_
o (5:3:2)

Wy R AR ZE TN 22 AEAF A S Bt AL, X scbe BRI, DOy B
EARERINI(f [ g), MAEGARE HZ AT (f /gy MRATIE . B — 51, g(x) 5P
Hod e, RIg s MARAER S TR R BN A0, il Al BEmk T 22

AL, AT A AR A, R IRAT 25 H A 38 20 oAl I BE LA, DA S B 2
AR SE AR ELE T 0, (H R BAT RSB AN E A (BRI, AL I 9 3 29 73 A1 1)
B BLECAR D T e o0 A (0 ) 2L, AR, il kAR it

y = y(x)

0 T /5 5 A 1T g 43 Ay, SRR854 L JEASL S 1 -5 58 o (>
P2 H R ) . DRI, X AL TR T . ARit, (53.5) s TeAl] e

LU L (AR By ) M0 AL IR BRI o AT BEATIORE . OSSR, it

DT R S R, TR, SR P 5 AR 1 e P R ).
BB EATREA L T PR IR MO R e B ) AL
BAHERE W5, HERY

10
I:/ dx 2% exp(—257)
0

KA BRI {E AL
1% = (.86416626117

RN iV RPN A S
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10 | 1.0757 | 0.245 2.44 0.235 2.35
10% | 0.83834 | 0.299 x 107! | 0.945 0.874 x 107! | 2.76
10* | 0.84711 | 0.197 x 107t | 1.97 0.277 x 1071 | 2.77
10° | 0.86775 | 0.414 x 1072 | 1.31 0.867 x 1072 | 2.74
10% | 0.86343 | 0.850 x 1073 | 0.850 0.274 x 1072 | 2.75
107 | 0.86423 | 0.686 x 10~* | 0.217 0.868 x 1073 | 2.75
10% | 0.86380 | 0.420 x 1073 | 4.20 0.275 x 1073 | 2.75
10° | 0.86426 | 0.111 x 1073 | 3.50 0.868 x 10™* | 2.75
10'° | 0.86420 | 0.383 x 107* | 3.83 0.275 x 107* | 2.75

Horb, AL RURHE O,
B, i,

RS o ELEHTRR R B S REE A D B AR
AL {2 = (f)?
I\ N(f)?
7 MIRERAC B DB T B AR BOTEL, JREH A HORNLAR B, AR5
RirZE. BOKLAL0 - 1008, Prigai R MOk m i RREHR . XEAEERK E
SR, IWIRJG AR LUG H, REAE R L TVN, RS S T A R
AT T3 2 B2 A5 AR R B LB ) 0 AR R, B o0 A 4
g(x) = 0.8920620583 exp(—2.5(z — 2.8)?)
e, MM AR, I
1% exp(—25x)
0.8920620583 exp(—2.5(z — 2.8)?)
P EEAR 2, FHAURAN . R — IR e NEA L DR

N[ G NG Sz
10% | 0.86741 | 0.376 x 1072 | 0.038 0.346 x 10~! | 0.300
10% | 0.86192 | 0.260 x 1072 | 0.082 0.117 x 107! | 0.320
10* | 0.86409 | 0.907 x 10~* | 0.009 0.365 x 1072 | 0.315
10° | 0.86395 | 0.247 x 1073 | 0.078 0.116 x 1072 | 0.318
10% | 0.86460 | 0.505 x 1072 | 0.505 0.367 x 107 | 0.317
107 | 0.86422 | 0.617 x 10~* | 0.195 0.116 x 1072 | 0.317
10% | 0.86417 | 0.154 x 107> | 0.015 0.367 x 107 | 0.317
10° | 0.86418 | 0.170 x 10~* | 0.538 0.116 x 107* | 0.317
10 | 0.86416 | 0.315 x 107 | 0.315 0.367 x 107 | 0.317
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1_
2
0.8 08:
0.6 06:
=

H o4 i
0.21 o

f 2 i EI 8 o OO 2 4 I Eﬁ I a 10

H X
f(z) ey

H T SEBON Tg(2) WA, AR G0N Metropolis®i%:, KT 1X— BRI AE
omgh. SEWTE:
1. iz, € [0, 10].
2. W& By, Ky = 2+ 6 (ran() — 0.5). Hhran()25H (0, 1) 2 [R1¥5) 53 A FIBEHL
B, SN —mHSHL.
3. Wiy < 0y > 10, WM 2xiy = o W, T 5Hg(y), I ERHLEE = ran(), W

AR RINP Alwo, @, ..., oy WAL g(z). T DU EREIEWMER, 7
G R 27| P 5 w82 5 N S WA B all mbiy 7e

5.4 HMLEE D

FEARTE IR LT BATR 41 LA S BEN LRSS S B . X e ddn e
RIS, W TAE— ik, IR 5 et — MR BRI TE BT, AT H 8 s T 2 B 2
W, MR, BR, KO RSEAACRIEM IR, 5 IZEEIARA DR KR FL 4R Ey, AT JniE
2 TN 12 T oS T i 311 O S 2 NS L Pt £ YN -4 € 2l e g 167 5 [
AR R SRR I, WL HARURE 2204 BRI DY £, |

S ~ R%
KXHLS O BTt Sy A B IR RAS R R I . X T — 4Pk, Bl 147,

V ~ R
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YER—A— R R, BATTH EE T 5T I ik AT Y A0 T %58 JE el R 8 7, T2 f
M ~ R?

X HLd Ry Pt S A i AE 4L

Ak, N T 380 — TR A TAR KR 8, IX WA IR T IR & AR &2
A%, HARF IS AL, W RAE . B b, RGN, wTRLA IR Z MR REE . )
P wl SR R &5 1 EIFE S . XA SOIRARBERR A 23, FRATTEL—AS BRI a7 548 1
TG E, BB —ANIETTTE, B, ER4EE0e . EE S AOMHEER/NETTTE, JHE
HUOR/NETT TEFE s, XN I8N /ME T TR X i B E B0 55, KRR B TEAR B
HSierpinskiHi L. Sierpinskith B & — R P70 T8, X A& IR R 77 A Sierpinski i B4 (1) K]
TEAEMAE I, J5 I IRATTE 2 BN T 1, 1X 0 Bl — & W BEHLE R 1
AR A3 T — AN B R iU B, A SRBATTAAS R i 2 1) R M85, & 2
TR T RS2 —FER, B0, WERIATIAN G318, WIJCVERNTE G 2 156 772 15 4
UK T, TR T 2 /DA, Sierpinski M B8 gl &2& X AE— AN SRR 5] 1. bR 70 B I Q8 B
BIRYEEL, X T RNTER, B FARTE 5 45 L AE g, SXANEESE B gl ol DA AR
RN g5/ RV AR, 40— AP IA AR T LU N —4E 18], 2 —4Er, — AN A4k
Bk, SETTARSE V] DURR N 4R (), 2 YRR T2 TR ) 55— R R AR A A B b4 3L
Y4, P LLSierpinskit B A0, B I4EEUE 2 /D7 ST BBl FRATAT BL— R
AN A

M ~ R%

&S NIRRT AERL. X RZHE IR, dp % A S — N HHL e — S EEot
P, XA TR — A FREIRIA.

X T A HERTAR, LT SCRTAR, i SR FRATT ] A B B ke 8 LA AR
K, TR IR BT Ry, ARAR R BT SR, — AT /N AT LU REZR AN A0 R (1) B /)N
TF AR 1) 2 TR) Sk 0, 401 180 (1) Sierponskitth B v 28 g F — 4k 1a), Rtk a] L w2k At
FEFRAN, Bl R, #2365 e da 20 2 /AN AL AR T LLSE B e iR, A
W 52 PR AR AR BE A A L, AT LA R Sz SR BAT T3 B P R S A7 gk 2> 2
JER /1, D) S SR LAZ by Js K R AR, i T AR AA AR 9l A O TR (12 S 1A B4 T AR
RN RN = 1945, RN YEECR dp FRAR RN dZE =S ), EALaRR o 1E L 4E
e, AREBUBEAE. WIBIRARAE AL A N KN JGRIIN = 1945, T 4E%

~ InN

= m
BATT BLAECRE B SRR TSRO0 AESL XY T Siorpinskid B, W RATIIEA KoY
BT, IR /N AL, O R B 4 /N B R K1 /3, KNS, AN EI1/3, KN K
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Figure 5.1: SierpinskiH £,

/\
A A

Figure 5.2: Koch HH%k.

82, i, K A ARG N R Rk /3, WK /N N EISE. XHEN =8, 1 =3, F
seSierpinski HIEE) /) TEHER R dy = In8/In3 = 1.89278 - - -

5 Sierpinskifh B A K (B AT Koch th 22, & 2 — A K RE I 2 By =45 77, fErP A i)
— B, & B KN /3B FR AT, RGN KB EE FRI RS
o3, FREI SRR Koch i 2. w8 s,

Z52] - WL Koch 273 TEAE R (327, 255 Koch i e i) R 15 1K B2 By e AR 2 1)
MIRR ).

TEARF N, — DL IEAH RKZE LG Tt R LA 2 K7 R 5K
B, 23 3 PN R B 1 ROk Ji e [ gt ke, D PT DA B AN TR R B2, B R~ ANl
AR, W B AT e P S B AR K. — A AARAARZ S 2 R R, 1K — Y
e T AMEEE, ISR R AR E SO S R A RE. SR, X — EOW AR
FARAL, S5 b S IRATI R ORI, FRATT AT e ik 2] — 5Kk 1 B 73 HE A i A B, ok
I FRATTHT 5K 0 A S (] (ELFRAT IR AN 21— E IR, ), VFIRAT
T PV DE R R, TERE BKAL— K Ab I i, R AN bl B A R KR I B, AR SR
ANREATF B I R LR K. 8 b, R KRR — 4R, 2 — N,
EHIYEBON T —. O TS ILAER, JATTT DU AN R B i R it e K, JFE
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DAL PR B R B 5 RO B R PR, I RT A 21— 4 FL 2k, FLk Rt 4y
i R R 4R AL
Zr>d 3R SREBOK I B, )RR S b [ 2 1 2 TR RS

5.5 3 U BR GRS vHE AL R

1B iR 45 (Diffusion limited aggregation), faj#RDLA, &1 — 4K 5[ 2 4,
AR K BB FE . TP 2 HWittenflSander hy T 78 40— & 40 5B 1)
B E Kk, H—RmAIIE. (Diffusion-Limited Aggregation, a Kinetic Critical
Phenomenon, Phys. Rev. Lett. 47, 1400-1403 (1981)) 4T 44X FE— AN T 2 [ 4508 K
K T A SCRYa ], X A 1 g — A SN LA BRDL AR [ 5%, )21 ) m)
Hi b A2 — RODLARIAE AL

HRE— M IEITRE T, BUAERS T B 08— RL T, AE W DLARIRN 7. MRS 7134 2Bt
BLade & — AN R, IR Mz s e, FEA% T AR AT 8, Akl 1 28 A A
T AR, WAL HAS T, IFRENLAEA il gk — R A, 4REEiX 0 an ok 7 7e
AT E T BIRTL T, WX R BRI IR 2 K E R MR ER], ik
FAHEREA LR Bon 2T BB R de EEETEIHK, RO ASE X —KELREZ AR
WBAMAZAL, WnF 4, INHEEIEIRE, 1 Ea A iR A,

DLAEIFEEBENL 0 TE B S 5~ O 7 oS TR 4e 8, FRATTa] L% 18 LR 5 B 72
S [BC, AN AR AR T HOH B N BT A kL 1 v, A

M ~ R%

fEtIn M5 R 1, 8l 75 2 73 4ESL
RIS 2 90 S A DLAIRE P I e DLAGE AL, A He o 4.

5.6 Hor IR AT E

TERATHE AT LI D oy T RE RO Tl SRR, Oy TR R RS L, X RIS i YR
AR ATAE, ) B4 R T 0,

fa] LI RAT AE (RW)

FIE A CHERNIET R T GLER TR, MR T B M R A BENLHEAE
R T =413 9 1 i & S /A PR 1 s 2 A S /T T VA W B - = i
AN G, PG R PIER A —YEE . XM W] DL 1R e B B e 20 1 RE AR 2L
WNEE— DA 2 = ARP S IR, MUAHRB A2 2 har i, Dk, JeRAT AL 7 pi 2K
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CRIFPRSEO W LTS
Q=2
KM, 2B I AR L XTI T, 2 =40 Me RSP i, NG
IR RS 2 N
R:ZI'i
=1

R = |RIZEAEE MM, PR . WA

(R) =0
[IE R iR S b
N N
(B = 3wy = S(2) = Na?
i,j=1 i=1

L R BRS04 B SR A
RISk FRATE (NRRW)
SHERATERD, BT AR Sk, B ASAE — LNATARR 7 o

EFE. W TNBE, R EEOy

Q=(z—-1)"

117 A S - (PR

(R%:ngaZ

H B8 IC AT £ (SAW) N R % 18 2y 70 1 B A AN, BRI i 2

REVT I —Ik, A, ELMATET, WHBERCLY7 ML A, s iilale, —fpss
BRI, P AENRRWEE, — ELESERURTAS R 4, s k. BAR, X —
FIOPEARMEAG BN RO, S5 b, R NKINRRWEET, B R8T & ) b
191 b FC I o8 B LU A 45 oA

wN:QNW
X AR 2 T FSAWEL 4 R EC ) AN J7 vk . SRS b, SAWIRIHC 73 ek £ 0 vk g A 19 31
FEN — ocoltf, W LIAG Rt IE N

QSAW — N’y—lzé}ff
Forr, i DNEFHEE, zen < 2 — UNEROEAEL WHAL DAL KEM

O Rl I BB AR AS, HAT A as ot —geiily = I, “ 4y ~ 3. A
RAER, WA 2

N
. —1
wN_N%lcii> _@m(—Nmz +Cw—UmN)

z—1 Zoff
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M EXTTEUE H, BEENS I, SAWHE IR 2k, Bk, NER, 4
WE 1000, MANRRWH Bk —ANSAWZAEH HMER o« BT LA, T4 AR i) 77 ¥ 38 0 PR
TN < 100/\ISAWHE BT .

BT A EIRESL,  dn BRAE ST AR I R B b SRS A EAE A, WA R
AERIEE R BEy, SAWHEELFAE—AMRAR, JOoRYE B B FREH], R 5 AH |
TERIR 384 e AR — DR FHRET,, 9T > TN, SAWRIA S B ~FJ7 (1P B AE KN )
E S

(R*) ~ N*, v =0.59

KSR AT < T,
<R2> ~ N2/3

(R*) ~N
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Chapter 6

G2 G v R IR

6.1 J@ERS

VS ) A 55 AN — AN B R, B3 — U AT e & 7 DR B AR 2 B S 2,
WAL, W A, RIS, t a5 ) A LG S B Gt ) B ) L ] BRAR 22 IR R A
I A XL EY S DS IR IR 808 (VAR 2 B AR Y £ e [ 4 S R
Py RIS b Ay B L 3 BRATT AT A A RS S SR, R A
RSB IR S 1 5Tk

O T B DL, FATI A RS A 1), T R 3 D E TR T, W PR, AR
PRI LA T < g7 A e PURIR AR, A2 B LURKRT A Rk, Behg— /M 805 98 AR
Ap, XL A% A PR TIE 0%, IXRE— PRI B Oy i B AR T 45 1 o
BRp, B bR B E R LR, B 5 B AR P O R . BT e SO A%
s A B AR LR 4l DU R R, A R R T RT DLk BN B VI
I AR AR, U A% S TR IE . BRI 5 SR RRRE— AL b s o, L AOAR o) A
A LA BB HAHIE. SR PR /NG ) b (1) AN B . B REAS b s o
PRI S RO EZR AR, WAERAFAE AR ER T WA 7 (10— TS 2 55— 34, T2 A i
A B R IIPAE LS U3

BT AR 5 I SR s iz e 1, 6N L, 77 A MEXE[0, 1] 13y
oA BENL KL, Hp > o, WIBEHS mARICE R AT 8, G2 WA R p AR, K
TR R S8 /N B, APz, WER T HMERp ~ 1, AT R 2805 4
W KU AN 5 84 51 R AR [, FRATAR ML AR A D s A 1. X 1 A5 /N p, fnpht
F0.4—0.7210), XREAANO? FHBEATREE 2, X+ ADITT KN A, FE D
€ I AL H e, Hp > pell, AFAE DI RINESER I, Hp < p I, Pradell#ie
1T PRI, AAFEAEES AR

VB AL L, BEAE M R a MR (B LA, VAR —MRpE (Hpe &

O

1141
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[

Figure 6.1:

PESRAR. R i S R P BT 5 R ) AR A Bl AR, BILAE SRR A L AT A A2

BB IFAAGE TR, SZhr EATIR 2 5 Z ARG BE R, — TSP
SCIR i 2 BEATL A 5 A0 I e s, G R FRAN T <6 8 SR AR R BRI S I BE LN — A v,
UR B R ER AT T G i, URE il AR R A2 1, 110 =24 8 Jm BT SR i), U it A
AR LR AR, BATHI R BAE 24 v P 7 IR AR5 A8 (AR R 2 B, AR Bk
RERIKINZ D, BRI, BR300, 7D F AR ., RN AEE
It o T 58 o vy SR 0. I — A < R A e A A ) TR 451 LA ) I R A A
PRI ARRE RS 2%, AR IR IO, AT I3 J 5545

N T SE NSRS ), JATTE SC R — 2 B R s, 58 SO SRR A% r KL
SRR R 2 Aiing (p), € RS A sISRBIECH (Hp > pt, BATTHERR B ),
AR, s R ST O s RIER I i o 3 PO A% s (0 S K,

SN

N D SN

BRI AN B A U, 2 mUA 08— S D s SR IR P38 BRI e
ARG

Ws

I3RS ) ) T SR TR P, 8 A 5 AR P A A (R
R R R BB AN RIR R Ep < pell, P = 0 1 Zp = 11,
Py =1, 1Ep = pe, Poo HEFAGARE HLEEpSE I a 84 1.

FE (I 22 et P BE) o B AT 5 I AT A AR R AR L5, — A LR A ] L H B AT UK
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PERIB TR R SR A IS, IR TN il R TN, R ki, R Ak
et VAT > T, RGN, RGN 2 A6 SR, 7RG AR T, R4
HATRARERER, SRR BEAE IR T Al FEE RN — R AN 22 AR I 5 = 1 AR
Bk, EBANAL L AT A IR AT RS AL AL, N BATES 285 SUR 73 Ar, 3X
LI ATRT BRSSO RIS AN 1 2 R IR A A B G AR A ).

BOE AN EEBAT R, BIPIERKEE (p), ARERIM A ], X
KEERTBIAT ZM0E 73, IX B BATH & AR s IR I Fe 12 R, 5 3Ch

Hrp

M2 25 M AL B R i TR SR B T, JATn] DA R R B AR (A1 [ A2 (1 P
S SCNE, tRTHE IR I RS B HH IR I e 4202 SONE. Hap < p I, EREpRIBE i 4 m,
Hp > p M, EREpMIIB NI, fEp = pALERAL. Hlp — pe| < 1, FAFKRGLAL T 1
P, S RAT A2 AR (10, AL o N TR B R

‘71/

§(p) ~ Ip = pe

v IATTIE B 5 — AN E B, RO BRI B I A He 4. 7 I AL X4, FeATT
Lp > petf,
Poo ~ (p - pc)ﬂ

FE I A X ek, S I RS e, Bl 101 AT o 2
S(p) ~ |p—pe| ™"

XAEFRATT € ST =AM AR, AT 4 ) L X Sy SR BT DU AT SR Y,
NP =5/36, v =43/18, v = 4/3. X T =4Em#, H e H &Mk 2], Hah R
NGB =04, v~ 1.8, va 0.9, XESREEAGRNIIIENE, 5 5k a5 0 LU S S FE
AN S TER. BRILZ A6, AT R L — e R R, W

28+~ =vd

A b d o 7 (R 4E R, PO RFRONFRE R, A XL OC R M FAEAR A AN G i)
TR SO AE (R 5 8V B ) TR Th PRAN 8. A PSR [ 2t 7] 2 5 5 1 8 RISk
FHRE TG SR HL, W T mip A — AN 5, 6T 4R IE 78 L, pe &~ 0.5927 - - - T4
Tk T =1/2.
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L RAIR R T @S S, X R RS T ST SIS ) — Lk
BB A A =5, 55 R OB SRR 5, D 1
Sl 75 5 AR E e, B AR BT AL B R R AR B g , DU RE—
I3, X IEHEAN M R N — 2 S =D R AR D RO R, BT S S
K m SR EEE.

— R BB E S B SR A A S A, RS A R B A T A B
HI T A A% R, IFER IR A% R T 201, AR5 BRI 1y & fih i AN, FRI T X
g RUREE (A% SOFI T 402, ERX I B E B SRR AU 5. 3 R 2k
X SE BRI N BRI AT R, B A8 R b b, B
AECH R, v SRR B I, AT oSSR B A RTRE. T I IRATI A 2 R
H Hoshen M Kopelman /& Ji# (5125, 3% — 80k Al WL R i i) 1R 2H. 2% 1& B6 2 1
—ANEBFEA, AT T AITIG, JENABA, T 2] BT 5. PRI (1, 1) 85 4,
TG eI FERL bR 51, F— D8 S, TR, D d ks 3,1), ik
LIRS 5o A ST T —NMERFR 52, #& fi(4,1) 2238 5 4, 5 AL H) R R
J&—MER], W T2, X AT HRME ST & B T 0. REIRATREE AT 5
RU(1,2), BT B g, B B AT AR (1, 1) AR BRSO, BRI R AT e IR
1, FFMNABA R X AT, WER Mg U, Wk 12k 10, 0 RS iy i, 0%
S/ TR 3 () e A0, A7 23 AR 35, W25 s R T T —NMERTR S, R A A
AR AT, Mg Ak U T R AR AR T, s R(2,2) T 1, RO U I
R s H A FR S 1. WS SR 2R AN AR S84 v 98, A B b o ok
ANFIFR S KPR RIS By o —NMER, TATL AT G IR g o . Wik 55(6,2), H
Je M m(5,2) B8 5 4, TN IS KU(6,1) R A3, WARIRATIN 120 (6,2) W 4/ A
T 3IFA(5,2) KR T R 3, (H AR T I A] feib s ik — PR EE MG I, AT —
SO R HEIR B )5 AT, O Tl sk XA A R, FATT I A IR R E B, H
AR —DICRE —ADMERPR S AR, XL SRR, HZH 1o W oo R IE 4 %
HAAHWTAR, 3 W B 225 I RIER B bR 5. T A 78 Bk 55(6,2) |1, 23701
f

np(l) =1, np(2) =2, np(3) = 3, np(4) = 4.

11 2IE M 18(6,2), FAIFIIERS 5 4B 0 b5 bR 5 3 B2 A —4& 131, b 7ad
ERXAFE, T Tnp(4) = 3. X WE & UrBAThr S 42 AR IR, 110 HA5 1E AR5 341
%

ZAE A REIRAT A ENE, AN BTERS 10(5,4), A% U 221055 05, FidbR
T4, BATCLFENR T4N AR IEAR S (I Hnp(4) # 4), PEIFEATIFAE 12 8L
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R (5,4) b T4, T Ebs 5 A E/Ms T Brfa FERAR 5, EH A3 Anp(4) = 3), RN
PATVEGE bR 52 AR IR, FLRT N (1 1E B 5 A3, #N. 2 np(5) = 3. Mk & 5eHr
A T, BATTT AR I A np OB B 1E AR 5 1T 5 5.

SEBR VSN, FRATT A AT A B A 5, X R — AN a8 KNI HS s IR 45 8 p )l A2 1
B A, TH A3 2 1) P — AR, P2 755 2 ANFEAR AT 3. X515
B4 RS P B KN K, O TSR 55 KA B4 R, NOSAS R/ B4 mi 2: 4T
THE SR AMERITE 7T KAEA. 9 Tk EIm S 3, FATTAEp M 6 AN [F] i p it 55 Py,
BPy ~ (p—pe)’, W

In P = BIn(p —pe) +C
EXECOK—AHEE, WL ., 14 n Py Sin(p — p.) B —4 H 2k, W HLZ MR
.

VER —ANTH S 218, 1 [R) A AR 57 T 7 1R P A O Afr 4RI T R B R anE )

R TR Py, 55 R R AT 2Im AR, M FHHE 2L

6.3 IENREMGETHER

FE(R A H Gt L) h BA 1A, Wk A 2R RS Hamiltonian A H, WX 45 5€
ARG T HN, ARV AR ET 25, R 50 An dr IE W 73 A4 oy

P(x) = %exp[—ﬁH(x)] (6.3.1)

Krbx ARARGNUE AL, 1P (x) W ARV &I R G Tz M.

Z = /dxexp(—ﬁH(x)) (6.3.2)
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H ARG RS 73 s (B FrifE g X2 — BRI 1 N1, iXA/EMonte Carlo T8 IFANE 4L
A A K =% 2, Monte Carlo J5 A JLF AN IR T SLRC 73 s EOAS &) A2 00 L A2 B (1
BUR, 2 (6.3.2) KB A3 I8 F A8 Ay e 45 ol A7 T Py SRR A9y B S AST J 1 R B, A
Hb(x), HPIEB

B = /dxb(x)P(x) (6.3.3)

N EEAE LA BAR BT

6.3.1 Ising %Y

Ising #%7 ff)Hamiltonian Jy

H = _stisj — hZSZ (634)

A TRRA ARG, WA, s ATHAE AL, RO B HEAZ 5. Tsing A58 2 i fif 5[ E 1
JE ST B R e R [ ) B 2 K Lenz #F AR K, X — MR ] R HR
P 1) SRR RETE R G, A eSS EAA R, RN AT A B R B Tsing
e Rgn TR B YN DL RS AR, U] T AR X B AN AR AT AR
Onsager 1-1945 S T 537 N IX — B TE 2 2 () (P A% AR I 0H 5 T e AR AR IR
LU AT AT AR f AT A S ) 22 . iR T AE1952 M T AN AR N I 4E 5 ] ) Tsing
B SR T P2 R AT . BT X IR 2 08  H AT T ELEGE, Rt
"B A SRABCA RS 56 25 T B A 7 3 AR AT S AL T v (R AR

19694, A. E. FerdinandfIM. E. Fisher (Bounded and Inhomogeneous Ising Models.
I. Specific-Heat Anomaly of a Finite Lattice, Phys. Rev. 185, 832-846 (1969) ) k15 T
A PR 2D Tsing AR S IR SO AT T B A&, BRI AN 285 R — M7 bR
k.

X FIsing B, AT BB PR ZREE = (H), P2 Em = 5 Y, s, B
=k (H?) — (H)? | [P S ENEKE (m?) — (m)?55. Be s 1kE 5 KR40I L saE i,
M2 &k W IE L T RGE M REAL2E.

HTsing B SARLF) 01T Heisenberg 15271

I

H=— (J,S.8 + J,8S] + J.S.S7) (6.3.5)
(ig)
K, Ty Jyy Jo RNEHIY, S = (S, Sy, S2) K AN, S AN BT 54, dmT oy 28
S 4306 B T f-Heisenberg B4 F1 48 fiHeisenbergfbi 8. 7R1X B, ATH higgs it
7] L.
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tid, = Jy = J, = J, W B & 19) [F] 1 i Heisenberg AR

H=-J) S8 (6.3.6)

W AT, SRS LUE 1 = 4E 23 n) (1) AL R . I RAE R B S 4ERR o —, &,
ISR P X YRR, 2 RS 4ERGE T I0 75 RN, b BT BRAERY 1y =4 K S 4%
FAT I, W RS e

fEIsing BRI I s BB A L1, 100 LR AME, IR TPrifPotts i

6.3.2 Lenard-Jones $i%!

Pl 1, T RN AN R, T DL S G ) BERAIA. S K 2R R T
PETC AR R GE, B TR ZAb, TLE LT3 AR 3R G0 AR ] A iy A i B
Pl P n] T 22 SRR AR . PR G R ML 7o 52 J2 1, FOAH ELAE ] E{Wﬁﬁﬁ/\?ﬂﬁi —

843 A EH s ) R R A A S B 5 S e v g R L W SRR ELAE R, iR A 2
KT8 ROV AR F 5. HHamiltonian 7524
1 N 1 N N
=5 Zzlp§ +35 ZZI ]Zl u(rij) (6.3.7)

AP T BIAE, 5 IR EAEH, N A RGERRTE. 7y = v — ;| WERIRE
FH B AR ) R

JLennard-Jones FHEAEH, HA— HHMINME, o S KL HAL
LR i) P B OGBSl S RE R E = (H), Re ks (H?) — (H)?, UL
XA KR B g (r), IR Z ATy E sk, A7 A5 T N A G g (r) SRR, g(r)E
XA (r — i) KIPFEME. X TAHEAER & 1 RV R SE, X FAE R Sei Mk
SERR R RGRIA HAE T 2 A EAERAMN SIS AE, — Kkt 5771
AR, Br T AR EAERSE, @ EH 2 AR EAER.

6.4 ZirPE I Monte Carlofiil, MetroplisJj %

Hi(6.3.3) U4, b T UL i, BATHR B A2 ERUS (W T ARSI RS, 2
— AN PR SRR, R T BRI RS NN T, S BN R L5y, N i

e NBORIIEL, BN, A T AR EER SR, N— 10010000447, T iH5EIX
FERE ARy, BRARTT DL BT SR A%, 750 Monte Carlo J5 2l A2 ME— UL £
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MBS T4, X T (633) 3k AR 4, 1T LLZE R 4 < 38 0 B — 2 5104350 43 A [ B L
)ﬁxb Ty L3y =ty I, )ﬂ'ﬁﬂﬁ?ﬁﬂﬁi?’ﬂ
> imy b(xi) exp(—=BH (x;))

D i1 exp(—BH (x;))
23 M, AT AT R BLIX AL 2 AR HMEAT A ). BT HR 2N 7 AR A, B AR R
AR RR G DN ) 20 A, DR 3L 07 22 A AR ORI, O 3 B0 22 AR K. SEBR A OL X
FEEAIRE DR B B B 22Kk, 6T A B v SR, 2% (6.2.8) sk AR
VAT, RGBS, A TR T 22, R DAORLE RS X sk 38 ST 1T A Ry
15 P8, B G ek

1 T bx) exp(—BH (x))/P(x)

B =

(6.4.8)

6.4.9
S exp(—0H(x:))/Px) (649)
e
Plx;) = eXP(_g_H(X» (6.4.10)
HIEMIAM A, 72 AN, Ft(GL0) Bk
1 n
B=- ; b(x;) (6.4.11)

PUAE IR ) @A, Grqer SEBAZ E W 4 A i HlRE? R ik, AT AT B/ 24— T Markov

XN RATPT ER R Gt B R S, & ] LU T & AR . 9] it T-Ising
B, 2558 T B B BE R EBUE N BT — MRS, an R R S8 hNAS B e i B, W)
PIBOVR S BOR A 2N AN X F—NHEN SR ALR I RS, 46w T 8AR 147
BRI E T —ANRE, X0 3N YE 2 (0] 13N YE ) 5 2% 0] 44 5% 16 N 4 AH 2 [7]
) — A R R NG IR R UE, REEATH 97 2 D ORAES, HE 105 1 A
TE R FR PR T AH S 8] — AN i Je /N A R3N ) hohPlank HEL TR S8R THOWOIR & 2L
(=) e Sl KT S BN TR, VR, 47 RN T
THRE TR R AT R R, UNEKE, REMHOUCR S BOE IR KW, B
X BT IR A B SR I 2 Je v 7 21 1.

IAETRATR 3 — AR, ARG —OUDIRAS th ok, TFE AR — D ) —4
BEPIRES. h THE R I, T Hx AR REMHOIARES, W Mxoh &, WX — g f
HE—RIPREX1, X2, -+, x5, -, B RIPIREW B EE. rifMarkov i, 2 HRIXAE
— AL, AR AR R TS B RPRAS LS TR R, IR 2 5 — RS s 1)
BT — M Ew(x, — x) KL, dHiMarkov IFE A8 1) — R FARZS Pt B 55
Fr g Markov #E.
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N T B A ) o A e, AT DA XA — S Markov i, 843 9518 MR ZS
A, AAE KRB, A5 Z A BEN AT T M ASRGS G, B E A IR L U 7 A B
FERARAUEY], REEH w(x, — x,) WALUN S0, 50nTE 2 HAT 25K,

P(x,)w(x, = x5) = P(x5)w(xs = X;) (6.4.12)

R P() 4 IE A (BAL0). 3% — 2 T SRR MBOP M4 fF. 0 T 12t Bl
IR E A TAT o MarkovhE, 76N E IS 35, N, ANEEAL T80, NABERL T
B, TREF S ArSHsA 5 H b

N,—s = Now(x, — Xg)

Msa&EraSHIEH A

Ny = Now(xs — X;)

Mr S s A I ECH

B w(x, = Xs) Ny
AN, _s = Now(xs — x;) {w(xs %) — N,} (6.4.13)
Frw(x, — x,)iH 2 30(6.4.12), W) ExCpkh
B P(xs) N
A]\f7»_>S = NTU)(XS — Xr) |:P(XT) — FT:| (6414)

ot AT mEE SR, BRI, R AR Z R AN 2 IE N5, WX —Markov
R ML ST SR SR A T AL, XFF, wlub ] T AT e .

AT 7 L e B, 0 R] LASEILIE W 3 AR T, BAT TR BN a2 Al BT 4%
PEREE R, 77 A — S Markov i, ZHEEERTATIT I M ARG, I RISV
BT, X — S0 AR tiMetropolis $2 HSK IR, BRI AE — Rk b Metropolis 4
5. BB SR s AL, PGSR R ZEN

0H = H(x,) — H(x,)

iy
w(x, — Xg)
m = exp[— [0 H]
M 4EMetropolis £
w(x, = X,) = { exp[—FOH] K 0H >0 (6.4.15)
1 A 6H <0

H 5 0 ) Fhig 2

w(x, = X;) =

{1 — tanh (B(STHH (6.4.16)

N —
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N Y RS, wiIEBEFEANME— RE%EH‘J%‘&*EDW AEAN R 1w B S0 2 1
FEZE AR K, Wier 3 $-5 318 1w LLIA 20T B B 1) B SI0H B UL AT B8 = (19 vF SRS AT 48
& M HiMonte CarloF v 5T AT B 2 —.

6.5 Ising FEAIFMonte Carlo 154l

X — 15 PUIsing # 4 hp 451] . A28 43 37 A8 A A Monte Carlo# U771, h T #ifillsing #7Y
PGB T A A R RS I R N, FATTn] UE— AN AT RS, AN T )
KNI Ly Fook, RATESR € — DI, — Ok U, a0 RAR I Sk BE 2 N AT iH 4
T H I BER [ —J7 I AW, T an RAR IR SRR 2 AT Gl EE AL
3R B BER R AT ALTE, AT BT H BeRs [/ —J7 A HIEG AL . X T AE Il 7t
MR Z T AL B A P ), 5 N — BB K, RGEAET AR TP e s T4
R DX s, AH AT DA T A R IR R i SR SR H R S T RIS RE, U2
M R i) A BEATL 3 AT BRI TAA AT T s 5 = A o S 3 2 I F A, DA T
R AR RO/ N R GEAT 1, e85 18 I A TSR AR 1153 20 10 25 B T FE 2211,
TR FRATVIER G BRI 2 R G0 B AR PR 5T, )N B Y B a2 5 () s ), gk Iy — B B 12 a0 ¢
A, BIAEREANTIT I b Blspyq = sp. SR, JESHPEL A 5400 T 5 34T vH IR P AR
DI, AT VR AT AU R — ANy ), DRI, SRR O R e J 403 B S
4331 TR Z N, DL YEETT i 7 ), XML A b AT s A B i
ST AT A BIEAH R 5 s T7 22008 I ) U IR B0 A — RYPIRE R I7 2L,
— R, Markov B )RR SRS 5 AT AMREH Z NS, B R pyA- R
Zeid R, HREEZEINECR, MR MR RN, THRAR 25 5 Fa NAH S TR )2 B — AR
AN, SR AT PARIEYS, — Bl — R A B, X AN IRER R B e sT e
(RITHER, T3 — MR RS He— X AH A E e, IX M SR DR e R B T s e
A 7R, RATg AR
CICY I 2 EAV¢

L BERE M A, S e R MR s, — —s
2. TS MBI R A A S H.

3. JHR (G215 P BHEE IR M.

4. PR AE0,1] 2 WA AT LA 2.

5. Wz < w, WIEHAZ B, 50, ORIFANEE. ANRATRRE DL, LA RARAE 0 —Br vk

=

RN .
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6. HTIZIRES, AT EP I RS

RS SLERE TR

TERARG X —SER SEBLZ /Y, JATSEAE — 280018, % T4 — D ZERI A BA% Rl
WeHE, —BORVEPT AR ZFARI K 75, B BT PIRD, — T e IR —M& R, 9
— R BEALIIE . 7EBEALE U, A REAN M 55135 Ul A U 1) ) OECHH [) 3 4
M SR VT 1] — Bk A —Monte Carlo & (Monte Carlo Step or MCS), —XH W {H T
S H T EMULT 8L AMCS. A, b T30 mk B 4 2R, 2 25 i TMCSEL
iR

H R — RS 5 AT IRS I 2 A0 ZE — A B e B, DRI A B e J AT AR 5
ORI, XA, R R ) S 6 AN Wb X AE I 1 BEARREAT, 17 A2 5 TR B — > AN MCS (1L )
FEL SRR TA) RN BEAT — IR, S5 4b, AndeERiiin 2 fa i iy, By T MCSR 5 55

THELRE I 2 A e N ) LA, 6 TIsing B8, phT-fg it 22 R IR /D J LA EUE, 34T
AL P S A AR R A B T S X 1 I AMGE H T Ising #BE4Y, e H T He 4357
A B A U Potts 5014,

N TRRATT A = 4R ] 575 A% 1 OO g R RS, B ANL x Lo x LI faj $AL 5
K, BN R A BiE, WTHUEEL. ST AN I B E, JEA 6 Sl A8 A
I, 0 B A AR R SR AN LI TS AT B, i & 15t

si Yy ={—6,—4,-2,0,2,4,6} (6.5.17)
<i3>

K N T, IRI6 T AR p R A S s, KT, 5N, L, AN, AN . #5(6.5.17) K
o, vI4520{1,3,5,7,9,11,13}, XFE, A7 NEORAE T —4% 58 B 48 B e Ad
X T A% s A A B A SR BRATT R R H E S B R ) R ) R AR Y
W1, £3, £5, £7, £9, £11, 13} AIACKICHNG I — N8 S0 B e 3L 5 T AR 5 g A
XTI AR B A T oE A AL E S AN AN DG &R, BAT TR i T H TR 1R 2 6, 431
wn, WA AR R S5 A PAT IS Y, AT ECRE— 50 46 K — I B SR AR R A
TEAE e 5 487 SOPAT IS . T {1, £2, - - - £ 14} 3628, sehafl i A —
e, A SNV BT R, WA AT EORER B T, IERERER AT L.

6.6 ZLHMSIHYEHE )

Statistical mechanics is the studies of many particle systems under external conditions,
the number of particles is typically 10%3.The basis of statistical mechanics is the ensemble
theory, there are three very important ensembles, the micro-canonical, canonical and

grand canonical, correspond to fixed total energy, temperature and chemical potential
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respectively, for each ensemble there exist a distribution function P (X)) from it the average

of physical quantities are calculated by

S A(X) P(X)
W==P)

Where X represents points in the phase space and

1\ 3N
Z - (E) / &Pridry - dPry / PpidPpy -+ dPpy
% v

is the summation over the phase space.

6.6.1 The micro canonical ensemble(NVE)

In this ensemble the distribution is given by

The total number of states with energy F is

Q(N,V,E):%Z(S(H(X)—E).

X

The entropy is defined as
S(N,V,E)=kglnQ(N,V,E).

Thermodynamic quantities are obtained by

1 0S 0S8 0S8
T (a—E)N,V p=—T (a—N>V,E =t (W)N,E'

6.6.2 The canonical ensemble(NVT)

In this ensemble the energy is allowed to vary but the system is in contact with a heat

bath at temperature 7. The distribution function is

P o |00

kgT

The canonical partition function is

Z(NV,T) = %;p {_%]

= Y ePQ(N,V.E).

E
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Where 8 = 1/kgT, The free energy

F(N,V,T) = —kgTIn Z (N,V,T),

(9PN (oF) g (oF
o aN v,T a av N, T B aT N,V‘

6.6.3 The NPT ensemble(NPT)

and

Here the pressure is fixed while volume is allowed to vary
P(V,X) = exp [~ (PV + H (X))].
The partition function

Q(N,P.T) — /mq%}jmmjmpv+ﬂum]

- /dVexp -BPV|Z (N, V,T).

Gibbs free energy
G(N7P7T) = _kBTan<NaP7T)7

(o), 7= )., o= (&)
ON ), r OP ) nr ) np

6.6.4 The grand canonical ensemble(

uV'T)

The particle number is not fixed while the chemical potential is fixed,

with

P (N, X) =exp[-f(H (X)—uN)],
the grand partition function
1
Za(wV.T) = ) 57> exp[=8(H(X) - uN)]
N X
— S exp [BuN] Z (N, V,T),
N
the grand canonical potential
QG (:U’a ‘/7 T) = _kBT In ZG (M) V7 T) )

with

N:_(aﬂ_c) p:_(%) 5:_(39_6'> |
o ) yr OP )1 or ) ,v

153
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6.6.5 Thermodynamical relations

There are relations between thermodynamic potentials
F = E-TS,
G = F+ PV =Ny,
Q¢ = F—uN=—-PV.

There are two kinds of physical quantities, one is the mechanical quantities, which can

be obtained by average with respect to distributions, the typical one is H (X) :
E=(H(X)).

The other is thermal quantities which can only be obtained through the derivatives of the
thermodynamic potentials, the typical one is chemical potential ;1 and free energy itself.
This kind of quantities are difficult to calculate in simulations and often obtained through

integration of mechanic quantities

— P(T,V)dV

Vo
F(Ty,V) (To,V) /T1 E(T,V) T
T T, T2 '

F(T.V) = F(T.V) /Vl
F

To
6.6.6 Correlation functions

A very important quantity in statistical mechanics is the pair correlation function g (r,r’),
defined as

g(r,r') = V— /V d*rsd®ry - - dPry exp [~ BV (r, 7, r3 - ,ry)|,

where
Zp = / drid®ry - d®ry exp [PV (r1,r9,r3 -+ ,TN)].
1%

It may also be written as

g(r,r’):m<z 5(r—ri)5(r’—r]~)>.

1,451 7]
For a homogeneous system the pair correlation function depends only on the distance
between r and r’. In this case we denote it as g (r) .
The g (r,r’) is proportional to the probability that given a particle at point r and find
another particle at point r’. At large distances g (r) tends to 1, we may define the total

correlation function

h(r)=g(r)—1.
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The Fourier transform of the above function gives the static structure function

Sk)y=1+ n/g (r) e™Tdr.

The structure function is defined as the correlation function of Fourier component of

density fluctuations

Sk) = (An_xAny) = Z (e™ (rfrﬂ)> +1

zj i#j

= /drdg'“‘ /)%2(5(r—ri)6(r—r]~))—l—1
N —

1
N

ij5it
1

— V2 /d3rd3lzkrr)g(r_r/)+1

= 1+n/d3rg(r)e“"r

= 1+n / d*rh(r)e™ +né (k).

The structure function can be measured directly by scattering experiments and can also

be calculated by simulations.

Many physical quantities can be expressed in terms of the pair correlation functions,

for example the energy in NVT ensemble is

- gNkBTJr gn/d?’r V(r)g(r).

The pressure is

The compressibility

kpT (g;) 1+n/d3r(g(r)—1).

This expression can be derived from the fluctuations of particle numbers

- () —onr(3)

Since n = ‘Y gy

Vv

vz
—(N>dn, SO

(N?) — (N)? = (N) kpT <§_Z)T'
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On the other hand, it can be proved that
<N2> — <N>2 = (N) (1 —|—n/d3r (g(r)— 1)) )

We have the final results.

6.6.7 Time correlation function and transport coefficients

The time correlation function: Consider the correlations of two physical quantities at

different times,
Cap(t,t') = (A(t)B(t")) .

For systems at equilibrium the time correlation function is a function of the time difference

only and can be written as
Cap(t) = (A(t)B(0)) .
One example of time correlation function is the velocity auto correlation function of the
1th particle
Cov (t) = (vi () - vi (0)).

Transport coefficients are defined in terms of the response of a system to a perturbation.
For example, the diffusion coefficient relates the particle flux to a concentration gradient,
while the shear viscosity is a measure of the shear stress induced by an applied velocity
gradient. By introducing such perturbations into the Hamiltonian, or directly into the
equations of motion, their effect on the distribution function P may be calculated. Gener-
ally, a time-dependent, non-equilibrium distribution P.,+ 0P (t) is produced. Hence, any
non-equilibrium ensemble average may be calculated. By retaining the linear terms in the
perturbation and comparing the equation for the response with a macroscopic transport
equation, we may identify the transport coefficients. This is usually the infinite time

integral of an equilibrium time correlation function of the form

yz/ooodt<A(t)A(0)>

where v is the transport coefficient, and A is a physical variable appearing in the per-
turbation Hamiltonian. There is also an Einstein relation associated with this kind of

expression
((A(t) = A(0))) = 2yt
which holds for large ¢ , (t > 7, where 7 is the correlation time of A).
The diffusion coefficient D is given by
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Dzé/o‘”dt (vi (1) v (0))

and the Einstein relation is

{(r; (t) — r; (0))*) = 2Dt.

W =

Where r; (t) and v; (f) are the position and velocity of the ith particle.

The shear viscosity 7 is given by

V [o@)
"= 9T ; dt (Pog (t) Pap (0))
or
v t 0)) = 2nt
kB—T@a,B()Qaﬁ())— nt.
Here

1 (1o )
Py = Vz(Pmiﬁ

1
Qa,@ = Vzrmpw-

+ Tiafw)

The negative of P,3 is often called stress tensor.
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6.7.1 Monte Carlo Simulation of The Lenard -Jones Model

Lets consider the Lenard -Jones model of fluids, we have already met this model before.
In this model one consider a collection of structureless particles interacting through the

pairwise potentials, Its interaction energy is

x| ())

where 7;; = |r; —r;| , 0 and € are two parameters, the summation is over all the pairs
of particles. The configuration of the system is specified by the set of all the particle
positions. The Monte Carlo simulation by Metropolis algorithm is given by the following
steps

1. Initialize the particles on a FCC lattice.

2. Choose a particle k at random and propose to move: rj = rj + dry, where

drr = A (rand () — 0.5)
dyr = A (rand () —0.5)
0z, = A (rand () —0.5). (6.7.19)

Here A is a pre-specified value and adjusted so that the acceptance ratio(see bellow)
will be roughly 0.5(not always true), rand () is any good random number generator

generates uniformly distributed random number between 0 and 1.
3. Calculate the energy increment

AE =V ({r'}) -V ({r}). (6.7.20)

4. Accept the proposed move as the new state if a uniformly distributed random num-
ber (between 0 and 1) is less than exp (—SAFE); retain the old configuration as the

new configuration otherwise.
5. Go to 2.

In the Monte Carlo simulations using the Metropolis algorithm, the next configuration

depends on the previous one. Due to this correlation between Monte Carlo steps, the

formula for the statistical error ¢ = \/LN underestimates the true error, and it should be

replaced by

1+ 27
= ) 7.21
e=o N (6.7.21)
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The quantity 7 is called correlation time, which is roughly the number of Monte Carlo
steps needed to generate independent configurations. We can compute the correlation

time 7 as follows: define the time-dependent correlation function

AW AE 1) — (A
f(t)= 2 (A7 , (6.7.22)

where time ¢ is measured in terms of Monte Carlo steps. A (¢') is the quantity at steps ¢’
whose error we want to estimate. The angular brackets denote average over Monte Carlo

steps. The correlation time is defined by

=Y ft) (6.7.23)

t=1
Just as many physical quantities become singular at the critical point, the correlation
time is also becomes singular at the critical point. On an infinite lattice it diverges with

a power law

Toc [T =T, . (6.7.24)

Here v is the correlation length exponent and z is called dynamic critical exponent. This
phenomena that the correlation time becomes very large is called critical slowing down.
It not only happens in computer simulations but also happens in real systems. On a finite
system of linear size L, the correlation time will not go to infinity, but it will grow with
size as

Tox L*, at T =T.. (6.7.25)
Substituting this result into the error formula, we find that

o L#/?
VN

for large system near T.. For the two dimensional Ising model with Metropolis algorithm

ER

(6.7.26)

, 2 = 2.1, we see typically that increasing the size leads to a large error in the quantity
to be calculated.

The Metropolis algorithm makes changes locally one site at a time, This is the cause
of the critical slowing down. The Swendsen-Wang algorithm and its extensions solved
this problem by the cluster methods.

In 1987, Swendsen and Wang proposed a multi-cluster algorithm to solve the problem
of the critical slowing down, their algorithm reduced the dynamical exponent z from 2.1

to around 0 for 2D Ising model. The algorithm goes:

1. Start from some arbitrary state {s}.
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2. Go through each nearest neighbor connection of the lattice, create a bond between
the two neighboring sites ¢ and j with probability p = 1 — exp (—28J) when the
two spins are the same. Never put a bond between the sites if the spin values are

different.

3. Identify clusters as a set of sites connected by bonds, or isolated sites. Two sites are
said to be in the same cluster if there is a connected path of bonds joining them.
Every site has to belong to one of the clusters. After the clusters are found, each
cluster is assigned a new Ising spin chosen with equal probability between +1 and

—1. The old spin values now can be forgotten.

4. One MCS finished. Go to step 2 for the next step.

The performance of the algorithm in terms correlation time in comparison with Metropo-
lis algorithm is remarkable. For two dimensional Ising model the dynamic exponent is
less than 0.3, or possibly 0 (but 7 oc In L ). In three dimensional it is about 0.5, At and
above four dimensions it is 1.

In 1989 Wollf proposed a algorithm based on the Swendsen-Wang algorithm, in stead
of generate many clusters each time, Wollf proposed that one picks a site at random, and
then generate one single cluster by growing a cluster from the seed. The neighbors of the
seed will belong to the cluster if the spins are parallel to the seed and a random number
is less than p = 1 — exp (—25J). Neighbors of each new site are tested for membership.
The recursive process will eventually terminate. The spins in the cluster are turned over
with probability 1.

Wollf algorithm is more efficient than the multi-cluster Swendsen-Wang algorithm and
easier to implement.

There are many ways to extend the cluster method both to Ising like models and

continuous models, it seems for Ising like models Wollf algorithm is still the best choice.

6.7.2 HHfEIHE

The calculation of free energy, entropy or chemical potential is much more difficult than
the calculation of the averages of mechanical quantities in Monte Carlo methods. We give
here a very brief discussion of the calculation of free energy by Monte Carlo simulations.

The most common way is the thermodynamical integration method, which was dis-

cussed in the context of molecular dynamics simulations. We give here the Bennett
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method. In this method one calculates the difference of two systems described by poten-

tials Uy and U; respectively. The free energy is

BAF = BF, — BFy = —In —. (6.7.27)
Where

2 = [ exp (-0 ) o

Zo = / exp (=AU, (x)) de. (6.7.28)

are partition functions for potential U; and U,. The ratio may be transformed as

Zi _ Z JW () exp{-B[Uo(x) + Ui (z)]} du
Zo ZOfW(ac exp{—03 Uy (z) + Uy (2)]} dx
(-8
[—

(W exp [-BUL]),
(Wexp [-BU]),

(6.7.29)

Where the subscript 0 and 1 means average with respect to canonical distributions of

potential Uy and U;. The W is an arbitrary function. Now we choose

W = const. (é exp [—pUy] + Zo exp [—5U1]) , (6.7.30)

ni N

where ng and n, are two arbitrary constant, we have

4 Zom <<1 + 210 exp B (UL — Uo)])1>0. (6.7.31)

Z0  Zom <(1 + Zamy X018 (Uo = U”]>_1>1

If we set

1o _ o (6.7.32)

Zony

then we get
Zy o (BUL = BU + C)),

Zo © (F(BU.—BU, —CO)),

where f(z) = (14 €)™ is the Fermi function(there is nothing to do with Fermi distri-

(6.7.33)

bution!). So that the free energy difference is

R Pt n(f(5U1—5U0+C)>O
A= = 60, — B0, - O)),

~C. (6.7.34)
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5 A BB EAH ORI R & B B, gtk Bk, A5 R SOh FRA Re 5 7] B
WIRTOVUIR S, B IEAQ(E). R CH— 1N RENEERE, B4, B RET L
B
Qo) = [ Byt i
X QR XS E I T L — kT A2 T H HAE.
19874F, Ferrenberg MSwendsen (Physical Review Letters, 61,2635,1988) #&H T —
ANETTEISE, Kby EHR TSR MAHX—T5, mTRGE AR A LA f AT

ALK L R LA S AR B e VT BRI S T 2R 4 e B B 4 A
& Q(E)e
(&
p(s,E) = 2B
5. E) = =50

% T A5 O, HiMetropolis$F ik, T LLABIIX A 42 A BT .
FIH (B, E)SP(8, B)RIELL, 5

H(B,E) < Q(E)e P¥

T
Q(E) o< H(B, E)eP?

TN, ATl LR Q(F) 753
Q(E)eE  H(B,E)e#~FIE

QB [dE H(B, E)e3-A)E
KA, AN R RBAE AL, R ) b a] DU OR o S IR A . i =
grRE, AT DU SRAS SERC  e BON T AL 5 B g (HHZE—MEEHED

XA T B, KET A Monte CarloffIH5 i )y > — AN 22, Al
AR TS B hRe g BB AN T

T3 A ELEE N A B (R T S 7102 tHBerg E19924F 32 H R I 2 IR W R &5 77 7%
K MEAEE, TR, RRENEFEEAQE), AL, RN L HIE
TAREN, TR o MRS, A TAPREAT 2 AP0 A1, B2 Bk
RN BEEME R H (B, ¥15 58— N

BergHik i B2, e —ANEEEQE), R5 A% 0 SEHE, H58H
JHEHE), RG, EEZEEALRNQE)/H(E), PG5k, sEE )y B2 (fF
MR, w3 EIQ(E) UL IR A E R

X =N ARTE A, ASEIUE R AR WA . B 58, B ARG e tEALr, X T
BBV AR, AR PSS R . K, G EN AL BERE R A B S
HUR FRAL I ), IR LTy, AWBARDN, A5 .

P(5', E) =




6.8. S TE 171k 163

20054F H F 4 5 Ml Landaude I 5H7E, 5Ok T BergHyk s i, X — 8L A L
#% 5 Berg ) JUEEAH [A],  AHRIET — S ANTH A2 41 SOV 4 A1 A0 . AEACHU IR B — 2
BIESNERE, HIEADRE: 1L.45E MIHRSEEQUE), N—MIGAE O N T
—/MfiEREE) B 2, Tﬁ%ﬁ WA, arit—2, AP AR N e & 3,
SEZNFEIXAN B 1) i Eoo) WY IR A 2 FE e A — AN IBOR IR, 4Rt 5. AE it 8 | I &g vt
HITE, HEJTEEEARAR I, H/NEORE T, JEE I 5 AR o 0] ih A
B, FFIGEE . SIORE a2 05/, HE 7 BIAERS RS ZR T AR, 1524 K
DETEL R,

XA TIE AR MEAE T AE, LT A R, AT ) 4h A 55 A e 15 2 W Sl
iR, EAFEIERIRIL, #E BUEMonte Carloly 8 b HA R LW H/:. HAE,
XA FEAAT LB B A, BARAER RIS HH AR AR, (H SRS BB
TAH— M, 2HAHRIR G, ek o SRR m R . b, — AR
1M 2 DL )@, R DO 3 BEAR W) aa &% R, — BTG, a9 ik
%, AP ERENNEE,

6.8 1B

6.8.1 General procedure of MD (NVE ensemble)

Now I describe the general procedure of the MD in the context of the NVE ensemble. A

molecular dynamics simulation includes the following basic steps:

1. Initialize;
2. Start simulation and let the system reach equilibrium;

3. Continue simulation and store results.

Now we discuss these steps in detail.

Initialize: The number of particles and interactions between particles are specified:
The simulation box is setup, the total energy of the system is specified, usually tempera-
ture is more important than energy so it can be an input parameter, we will see how can
we tune the system to a desired temperature.

We assign to each particle its position and momentum. In many cases we assign
particles in a FCC lattice, which is a closed packing structure and usually the ground
state of many systems. If we use cubic unit cell and cube box then the number of

particles per unit cell is 4, and the total number of particles are 4M3, M = 1,2,3,--- .
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That is we may simulation systems with total number of particles N = 108, 256, 500, 864,
-+ . The velocities of particles are draw from a Maxwell distribution with the specified
temperature. This is accomplished by drawing the three components of the velocity from
the Gaussian distribution, for example, the distribution of the x-component is

mu?
ex — .
S Y

Draw numbers from a Gaussian distribution may be done in this way, consider the distri-

bution

mu? mu? m (v2 + vg)
P(v, _ M _ My | _m Ty
(Vg,y) X €Xp { ST ] exp { ZkBT} exp [ ST

Then
P(vy, vy)dvydv, = P(v)vdudg,

where v* = v2 + v and

2
P(v) o exp [— ZWI;L:T} :
So the distribution of v, and v, may be obtained from v and ¢, which has distribution

v exp [— 27;;;] and uniform in the interval [0, 27]. Since

2 2kpT 2
/vexp {— QWIZ;)T} dv = — 75 exp [— 277]:;)T} +C.

If we draw random numbers z uniformly distributed in the interval [0, 1], then

2kgT
m

v=1/—

In (x)

_ mo?
2%kpT

will has distribution vexp [ } , now if we draw random numbers ¢ uniformly dis-
tributed in the interval [0, 27| . We can get two random numbers v, = v cos ¢, v, = vsin ¢
satisfy the Gaussian distribution.

Another method of draw random numbers in the Gaussian distribution is through the

following empirical methods. Consider the distribution

IQ
exp [— E:| .

According to the center limit theorem, if we draw uniform random numbers r; in interval

[0, 1], and define a variable

1 n 1
T2 i 5

52—7

1
12n
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when n — oo the distribution of £ is the Gaussian distribution exp [—%} . And the

distribution of &' = &0 is exp [—ﬁ] . If we take n = 12, we get

202

That is we may generate each random number distributed according to Gaussian from 12
random numbers in an uniform distribution.
Homework:
1, Write programs for the two methods to generate Guassian random numbers.
2, Compare the two methods for efficiency and quality.
After the generation of the velocity of each particle, we may shift the velocity so that
the total momentum is zero
Start simulation and let the system reach equilibrium: The system we
prepared in the way described above are not in the equilibrium state, we now use an algo-
rithm to integrate it. There are many methods used in molecular dynamics simulations,
we use a very simple one to describe the concepts here and describe the algorithms in the
lecture follows.
The standard Verlet algorithm is the first successful method in history and still wide

used today in different forms. It is

r(t+h)=2r(t)—r(t—h)+hF(ct)/m.
Where r (¢) is the position of particle at time ¢ = nh. To start the integration we need
r(h), given by
r (h) =r(0) + hv (0) + A*F (r (0)) /m.
During the integration, the velocity can be calculated by
v(t) = r(t+h) —r(t—h)‘

2h
Variations of this method are

v(t+h/2) = v(t—h/2)+hF (r(t))
r(t+h) = r(t)+hv(t+hr/2).
And

r(t+h) = r(t)+hv(t)+h°F(r(t)
F(r(t+h))+F(r(t))
5 :

v(t+h) = v(t)+h
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Both of these variations are mathematically equivalent to the original one but more stable
under finite precision arithmetic.

The PBC are usually treated in two ways, one is the minimum image method, that
is, in each direction, we only sum the force due to particles which is not farther than
L/2 in that direction. The other is the cut off method, one simply cut the interaction
at a distance r.uox and neglect interactions beyond this distance. In this method the
discontinuity at r.uo¢ may cause inaccuracies in the integration, this may be solved by

shift the potential in the way as
Vvsh (T> =V (T) -V (h:utoff) .

For long range interactions like electrostatic interactions, special method should be used,
we will discuss it latter.

The temperature of the system is given by the equal partition theorem, that is the
average of kinetic energy of each degree of freedom is half kg7, that is

N
3 1 1
31nTp = —— S (L2
9B N—1“<2mvl>

The N —1 is due to the conservation of the total momentum reduce the degree of freedom
by 3. To reach the desired temperature we may scale the velocity at every few steps of
integration

V; (t) — )\Vi (t) s

and the scaling factor A is chosen as

\ \/(N— 1) 3ksT

N
Zi:l m,Ui2

Continue simulation and store results: After the system reaches equilibrium

the integration continue in the same way as above without scaling of velocity. The data
are stored or accumulated for the calculating physical properties. The static properties

of physical quantity A is given by a time average

here A, is the value of A at vth time step. Usually the data stored in each step include:
N
-1 3
2, the potential energy U = >, + V (ry;) ;
3, the virial 3_, o ri;j =5~

i "oy

1, the kinetic energy > ., muv?;
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We also needs data to calculate the pair correlation function, this is done by divide
the interval [0, 7yax] into sub intervals [iAr, (i + 1) Ar], at each stage of updating, add
the number of pairs with separation in the interval to an array n (i) and find the average
value after simulation, the pair correlation function is given by

_ 4 (n(r))
g(r)= N (N —1)/24rr2Ar’

Tail corrections:

N oo
(U) = (U)o T 47— r2drV (r)g(r)
Tcutoff
P 1 oV N ee oV
S A - 3arZg (r) .
kT 3NkpT <%”arij> 6TV ), g9 )

cutoff

The pair correlation function in the above expression may be taken to be the asymptotic

value g (r) = 1.

6.8.2 Simulation of Lennard-Jones liquids

Consider the system of particles interact by the potential

=2 ()]

which are good approximation for inert gases. Some values of ¢ and o are
AT Kr Xe CH4 N2 COQ CQH4
e/kp(K) 120 165 230 143 85 216 202

o(A) 343 3.72 4.05 3.77 3.72 3.88 4.26
We may use €/kp as the unit of temperature, energy in unit of ¢, length in unit of o,

and 7 = \/mT"Q as the unit of time. A good time step is about A = 0.004. The cut off

distance may be set to 2.50.

Homework:

1, Write a MD program use the cut off potential to simulate LJ system.

2, Calculate the pressure and energy of Ar at 3-5 different densities from, say 0.9 to
1.2 under temperature 1. (note: the averaged temperature may be slightly different to the

desired value).
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6.8.3 Simulation of Hard-sphere systems

The simulation of hard sphere systems historically was the first Molecular simulation on
digital computers(Alder and Wainwright, J. Chem. Phys, 27, 1208(1957); 31,459(1959)).
It consists of the following steps:

1, Locate the next collision;

2, Move all particles forward until collision occurs;

3, Implementing the collision dynamics of the collision pair(usually elastic);

4, Calculate quantities interest.

We describe the steps, consider two spheres, ¢ and j, of diameter o, whose positions
at time ¢ are r; and r;, and velocities are v; and v;, respectively. If these particles are to

collide at time ¢ + ¢;; then the following equation will be satisfied
v (¢ +tij)| = [ry; (B) + vistij| = o
where r;; = r; —r;, v;; = v; — v;. If we define b;; = r;; - v;;, then this equation becomes

vty + bty + 1 — 0 = 0.

There will be no real positive solution of this equation if by; > 0, or b, —vZ; (1}, — 0?) < 0.

Otherwise we have
ig \"1ij

2

by = (8, = o, (1, = )"

tij —

This is the time that particle ¢ and j will collide. For each pair we may get a time ¢;;, or
never collide, the collide time is then ¢ + min (¢;;).
The collision dynamics of smooth hard spheres is the conservation of kinetic energy

and linear momentum, which for two spheres ¢ and j having the same mass we obtain

new  __ old
s = v+ v,
new  __ old )
\z = V] ov;.
Where dv; is given by
bv, = i
Vi —;r”

b;; is evaluated at the moment of collide.
Homework
Write (or find) a program for the hard-sphere MD simulations and calculate the pair

correlation function of the system.
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6.9 Simulation of Langevin dynamics

The motion of Brownian particles are described by the Langevin equation

dv

m- =—v({t)+F({t)+R(1),

the difference between Langevin dynamics and the ordinary particle dynamics is the
random force R (t). This force is a result of random collisions by molecules of solvent to

Brownian particles, it satisfy the following correlation assumption
(Ri (t) R; (0)) = qd (1) .

Here ¢ = 2kgT~ from Einstein relation.
To simulate this dynamics, we need a way to treat the random force, usually the

method of verlet method may be used in the integration of the equation, i.e.

v(t+h/2) = v(t—h/2)+hF (r(t)+ Av
r(t+h) = r(t)+hv(t+h/2).

Where Av is the contribution from random force and can be calculated in the following
way, the correlation of R(t) indicates that the distribution of random force R is Guas-
sian(in the following we consider only one component),
RQ
P(R(t)) xe - .
(R () xexp (57 )
If we solve for the Langevin equation without external force we obtain

v () = v (0) exp (—lt> +%/Ot exp (—M) R(r)dr.

m

When ¢ >> m/~ the first term is zero, since m /7 is typically 107'*s (for example, consider
a Brownian particle of diameter 1y suspended in water, m ~ 47/3 (d/2)% p ~ 0.5 x 10718,
v = 6mn(d/2) ~ 67 x 0.01 x 0.5 x 1075 ~ 1077, m/y ~ 10711s), so if we use a time step

much larger than this value, the above condition is satisfied. The mean square of velocity

(v (1)) = v (0)? exp (-%) + %Lm (1 —exp (—%)) ,

which for large ¢ tends to

is

The last equality comes from definition of temperature. This gives

q=2kgTn.
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Since the velocity v is linear in the random force R, so the distribution of v is also a

Gaussian

mu?
P (v) o< exp (_2k3T> :
We may just sample Av according to the above distribution.
If the time step is small enough so that the term exp (—%) is not 0 in a practical
calculation, we may simply replace the kg7 in the distribution to kgT (1 — exp (—%))

to obtain

P(”)O‘eXp< ShpT (1= oxp (= M)))'

However, this replacement is a little bit inconsistent with the above treatment since
we ignored the contribution of the initial velocity v(0) part. A consistent way of the

simulation is to use a time step much larger than the m/~.

6.10 Long range force and Ewald summation

In the case of Coulomb interactions the interaction potential in the PBC is given by
U= Z Z B itk Z q; = 0.
lr; —r; + R| -

Cut off the above potential will result large errors, one way to avoid the difficulty of the
long range interaction is through the use of the curved space, that is, we may consider our
finite system is the surface of a four dimension hypersphere, this method involves the use
of non-Euclidean geometry in calculating distances. The traditional method is to use the
so called Ewald summation and its variants. The derivation of the method for Coulomb

interaction and higher order multipole interactions is given separately, we quote here only

2
2 exp (—ff—)

K2

the results

2T
Uppc = v
K+0

+Zqzq]erfc /_rlj —( )1/22%

(i5) "

Z giexp (IK - r;)

7
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BIF(r) > 0 &b, A THHTAMA Ry, BATTE 75 Z AN e ) A s iy EUE. r = 0 I,
B IR E S, BT e = b FFUR. Mr — 0 I, V(r) — =22, KRR AE T 1A,
Wb, BATTRT DA A0S T (A3 i) R pR B (B LAr) FEr = hyr = 2k (EAE Ay, vo. SR8 —
e MEUE, TESMRRY By, (R 1 — M Se, A7), WERATSMEEHAE T, U
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y(r) = exp(=v/ F(reo)r)

I FNumerov Jri3AE N ALY, K Ty fir, sOGIER:, RERAMABU A FIBU
2 Ry, ML S, KT DUB IS AN e, RAE]. 25 iy K TR ISR, Yo A
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_ 1 Yout (Tm) _ Yin(rm)
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7.7 WHERF

KA TRAT A SRR LR TSR, e B AR L A BX Iy
VRS T I S, B AR S TR B () R ()

A LB S 5T 5 M VSRR 2t Herman-Skillmand 5 19, S5 0 LB
TS M SR P AR 25 PP T SR G o 35K FL T R — A i e
T B RA . REHIR B Bt 5. 5 T B A M — e
PR B A KT 58 M B B S IR, o TR B S50 T4 4
0, HBF XK.
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W AR Z (0 T (0 B 25 =47 (W2t oh 1015) 4 LTSI, S0 0an R
K ST BT, = O INHT E U A A A I A A e 2RI Rt IS0l 2
BRI R S, TR, = 1T ER AR ST O AL R I R .

AN IR TR, AT B L

AN PSRRI, -3 54,

SEPUANEL: B A RS RO, 5 5.

FEAKG ST AR U SSOH | AR 441,

AN AVFIIAA U, TR0 224

A BT

55\ BT B (L T RS BT v TR 2) RS IO,
FIAS HUBRESRIEH.

Ft A = 1 F8 ARERRIESE = 2 Fo5 F VR 5T.

SEPVUAT A BRI 1047 (O B BRI TH430) 502147 OnF I ERRAL V- 550) i a A i A A

KGR EHB AN RATAR AR, 2B NEERIR (D), LA100 x n 410 x | Fow; 5
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N TP S 30 SR R R B T B 2R 1 TN A R A RS N PR B i
1 E (RE & LARydberg JJy HAT).

Phosphorus Spin_Restricted state

. 72569 .20
1 1 -4 -6 441 60 15 0 5 1

1.000 0.995 0.900 0.985 0.980 0.975 0.970 0.965 0.960 0.955
0.950 0.945 0.940 0.935 0.930 0.925 0.920 0.915 0.910 0.905
0.900 0.895 0.890 0.885 0.880 0.875 0.870 0.865 0.860 0.855
0.850 0.845 0.840 0.835 0.830 0.825 0.820 0.815 0.810 0.800
0.795 0.790 0.785 0.780 0.775 0.770 0.765 0.760 0.755 0.750
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OO OOOO

100
200
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spin-orbitals
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.595
.545
.495
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.590
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O O OO

OO OOOO

.735
.685
.635
.58b
.535
.485

[oNoNoNoNoNe)

Xk kk ok

.730
.680
.630
.580
.530
.480
-195.
-41.
-40.
-20.
-18.

O OO WO

ATOMIC ENERGIES

OO OOOO

.725
.675
.625
.575
.525
.475

[cNoNoNoNoNe)

sk sk ok ok s ok ok s ok ok sk ok ok sk sk ok ok sk ok ok s ok ok sk ok ok sk sk ok ok sk ok ok ook ok

Kinetic Energy=
Nuc-E1 Coulomb=
E1--E1 Energy=
Spin up Exchg =

Total Energy
Virial ratio

nl spin

100
200
210
300
310

1

e

o]

Phosphorus Spin_Polarized state

. 72569

1

oNoNoNoNoNol NoNoNoNoNoloRoNoNoNeN 0

.000
.950
.900
.850
.795
. 745
.695
.645
.595
.545
.495
.000
.950
.900
.850
.795
. 745
.695

1

oleoNolololololoNoNoNolololoNoNoNoNe]

-4

.995
.945
.895
.845
.790
. 740
.690
.640
.590
.540
.490
.995
.945
.895
.845
.790
. 740
.690

ocNoNoNoNoNoRoNoNoNoNoNoloNoNoNoNoNe]

20
-6 441
.900
.940
.890
.840
. 785
.735
.685
.635
.585
.535
.485
.900
.940
.890
.840
. 785
.735
.685

leNoNoNoNoNoNoNoNoloNoNoRoNoNoNoNoNe)

60

.985
.935
.885
.835
. 780
.730
.680
.630
.580
.530
.480
.985
.935
.885
.835
. 780
. 730
.680

oloNoNoNolololoNoNoNololoNoNoNoNoNe]

15
.980
.930
.880
.830
.775
.725
.675
.625
.575
.525
.475
.980
.930
.880
.830
.775
. 725
.675

eNeoNoNoNoNoNoNoNoloNoNoNoNoNoNoNoNe)

.720 0.715 0.710
.670 0.665 0.660
.620 0.615 0.610
.570 0.565 0.560
.520 0.515 0.510
.470 0.465 0.460
kokokok
.6813768D+03
-.1624688D+04
.3071392D+03
-.4507193D+02
-.6812438D+03
.1999805D+01
E
-152.6651305
-12.7209732
-9.2141014
-.9833246
-.3684071
0 9 2
.975 0.970 0.965
.926 0.920 0.915
.875 0.870 0.865
.8256 0.820 0.815
.770 0.765 0.760
.720 0.715 0.710
.670 0.665 0.660
.620 0.615 0.610
.570 0.565 0.560
.520 0.515 0.510
.470 0.465 0.460
.975 0.970 0.965
.926 0.920 0.915
.875 0.870 0.865
.8256 0.820 0.815
.770 0.765 0.760
.720 0.715 0.710
.670 0.665 0.660

OO OOOO

oleoNoNololololoNoNoNololoNoNoNoNoNe]

.705
.655
.605
.555
.505
.455

.960
.910
.860
.810
. 755
.705
.655
.605
.555
.505
.455
.960
.910
.860
.810
. 755
.705
.655

OO OOOO

cNoNoNoNoNoRoNoNoNoNoNoloNoNoNoNeoNe]

.700
.650
.600
.550
.500
.450

.955
.905
.855
.800
. 750
.700
.650
.600
.550
.500
.450
.955
.905
.855
.800
. 750
.700
.650
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0.645 0.640 0.635 0.630 0.625 0.620 0.615 0.610 0.605 0.600
0.595 0.590 0.585 0.580 0.575 0.570 0.565 0.560 0.555 0.550
0.545 0.540 0.535 0.530 0.525 0.520 0.515 0.510 0.505 0.500
0.495 0.490 0.485 0.480 0.475 0.470 0.465 0.460 0.455 0.450
100 1 1.0 -195.0
200 1 1.0 -41.8
210 1 3.0 -40.0
300 1 1.0 -20.0
310 1 3.0 -18.0
100 2 1.0 -195.0
200 2 1.0 -41.8
210 2 3.0 -40.0
300 2 1.0 -20.0

x%*x*x  ATOMIC ENERGIES *okokok
sk sk ok o ok ok sk ok sk ok ok ok sk sk sk ok ok sk sk Kk k ok ok sk ok sk ok ok ok sk ok ok

Kinetic Energy= .6815644D+03
Nuc-E1 Coulomb= -.1625375D+04
E1--E1 Energy= .3076826D+03
Spin up Exchg = -.2386447D+02
Spin Dn Exchg = -.2143792D+02
Total Energy = -.6814307D+03
Virial ratio = .1999804D+01
spin-orbitals nl spin ocup E
100 1 1.0 -152.6333667
200 1 1.0 -12.6974850
210 1 3.0 -9.1942103
300 1 1.0 -1.0708087
310 1 3.0 -.4509173
100 2 1.0 -152.6050145
200 2 1.0 -12.6619486
210 2 3.0 -9.1503035
300 2 1.0 -.7940065

R R

Coteokokskskskskok ok ok sk ko ok sk skeskskok ok ok s ko ok sk sksk sk sk sk ok sk ok ok ok sk sksksk sk sk ok sk ok ok sk sk sksk sk sk ok s o fok ok sk sk sk ok ok ok
C

C Atomic X-alpha Program

C

Coteokoksksksksksk ok ok sk ke ok ok sk sksksksk ok sk o ok ok ok sk sk sk sk sk sk ok s ke ok ok sk sk sk sk sk sk ok sk ok ok ok sk sksksk sk sk ok o ok kok ok sk sk sk sk ok ok

Implicit Real*8 (a-h,o0-z)
Logical watson,prnt,convg
Dimension ichg(12)
Dimension ihdr(20)
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Dimension dumcom(2084) ,u(521,2) ,unew(521,2)

Dimension r(521),x(521)

Dimension v(521,2),fn(521),a(521)

Dimension po(521),p(521,10),rhosp(521,2),rho(521)

Dimension nl(30),ocup(30),e(30),nspin(30),kmx(30) ,delta(2),
* kdel(2)

Dimension rwk(521),vwk(521),pwk(521)

Common dumcom,r,v,rhosp,rho,e,ocup,kmx,nspin,p

Equivalence (dumcom(1) ,unew(1,1))

Equivalence (dumcom(1043) ,fn(1),x(1))
Equivalence(dumcom(1564),a(1))

Data zero,one,two,three,four /0.0D0,1.0D0,2.0D0,3.0D0,4.0D0/
Data pi /3.141592653589793D0/

Data xincr /0.0025D0/

Data ichg /40,80,120,160,200,240,280,320,360,400,440,480/
Data watson,prnt,convg /.FALSE.,.FALSE., .FALSE./

C
C***************>|<****************************************************
C

C Read Header Card

Gk kok skok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok o oK o oK ook oK oK K K KKK KKK KoK oK KoK KoK KoK KoK
C

Open(5,File="£fi’)

Open(6,File=’out.dat’)

Read (5,5000) ihdr

Write(6,5100) ihdr

C
c-———m—— Read Input Parameters and Flags---————---—————-—-
C

Read(5,5200) exfact,radion,ratio,fracu,iprt,key,ntol,nthrsh,

* mesh,maxit,nz,ion,nsts,nspins

z=dfloat (nz)

xion=dfloat (ion)

facs=dfloat(nspins)

t01=10.0D0** (ntol)

thresh=10.0D0** (nthrsh)

zion=xion

twoion=xion+xion

mesh=mesh-1

Write(6,5300) nz,ion,nsts,nspins,exfact,radion,ratio,fracu,

* key,ntol,nthrsh,mesh

If (radion.GT.zero) watson=.TRUE.
If (iprt.NE.O) prnt=.TRUE.

nblock=mesh/40
C
Cookoskok ok ok stk sk ok ook s ok sk ok ok sk ok sk ok s ok s ok sk ok ok sk ok sk ok s ok s ok s sk ok sk ok sk ok s ok s ok ok ok ok sk ok sk ok ok sk ok ok skok ok ok ok sk ok
C Constant for Conversion from R(Ao) to Dimensionless
C Thomas-Fermi radial variable x

ok ok sk sk ok ok ok ok s sk ok ok ok ok sk sk ok ok ok ok sk sk ok ok ok ok sk sk sk ok ok ok sk s sk ok ok ok ok sk sk ok ok ok ok sk sk ok ok ok ok sk sk ok ok ok ok sk sk ok ok ok ok sk ok ok ok ok

ctfd=two*z** (one/three)* (four/(threexpi))**(two/three)
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x(k)=zero
r(k)=zero
deltax=xincr
Do 20 nb=1,nblock
Do 10 i=1,40
k=k+1
x(k)=x(k-1)+deltax
r(k)=x(k)/ctfd
10 Continue
deltax=deltax+deltax
20 Continue

C——--- 110 point mesh potential read (key=1)---—--—-——————————————————

twoz=z+z
Do 50 is=1,nspins
Read(5,5400) (u(k,is),k=1,437,4)
Do 30 k=1,437,4
u(k,is)=-twoz*xu(k,is)
30 Continue
u(441,is)=u(437,1is)
u(445,is)=u(437,1is)
n=9
Do 40 k=1,437,4
n=n-1
If(n.LT.0) Then
u(k+1,is)=(22.0D0*u(k,is)+11.0D0*u(k+4,is)

* -u(k+8,1is))/32.0D0
u(k+2,is)=(10.0D0*u(k,is)+15.0D0*u(k+4,is)
* -u(k+8,1is))/24.0D0
u(k+3,is)=( 6.0D0*u(k,is)+27.0D0*u(k+4,is)
* -u(k+8,1is))/32.0D0
n=9
Else
u(k+1,is)=(21.0D0*u(k,is)+14.0D0*u(k+4,is)
* -3.0D0*u(k+8,is))/32.0D0
u(k+2,is)=( 3.0D0*u(k,is)+6.0D0*u(k+4,is)
* -u(k+8,is))/8.0D0
u(k+3,is)=( 5.0D0*u(k,is)+30.0D0*u(k+4,is)
* -3.0D0*u(k+8,1is))/32.0D0
Endif

40 Continue
50 Continue

C

C

C----setup of V mesh: V(R)=U(R)/R,

C factor 2Z already absorbed in U(R)
C

Do 80 is=1,nspins
v(1,is)=-9.9D35
kmax=minO0 (441 ,mesh)

Do 60 k=2,kmax
v(k,is)=u(k,is)/r (k)
60 Continue
If (mesh.GT.kmax) Then
Do 70 k=442 ,mesh
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v(k,is)=-twoion/r (k)
70 Continue
Endif
80 Continue

c—————- Read state(spin-orbital) Information

spnup=zero
spndn=zero
Do 90 nst=1,nsts
Read(5,5500) nl(nst),nspin(nst),ocup(nst),e(nst)
If (nspin(nst) .EQ.1) spnup=spnup+ocup(nst)
If (nspin(nst) .EQ.2) spndn=spndn+ocup(nst)
90 Continue
c
c-—-Begin SCF iteration
Do 270 iter=1,maxit
Do 100 k=1,mesh
rhosp(k,1)=zero
rhosp(k,2)=zero
rho(k)=zero
100  Continue
c
c-—--Solve Schroedinger equation form each spin-orbital
c
Do 160 nst=1,nsts
netry=0
etry=e(nst)
n=nl(nst)/100
1=nl(nst)/10-10%*n
is=nspin(nst)
Do 110 kk=1,520
rwk (kk)=r (kk+1)
vwk (kk) =v(kk+1,is)
pwk (kk) =po (kk+1)
110 Continue
Call numrov(etry,nst,z,n,l,rwk,vwk,pwk,ichg,kmax,mesh,
* thresh,ntries,prnt)
Do 120 kk=2,521
r(kk)=rwk (kk-1)
v(kk,is)=vwk(kk-1)
po (kk) =pwk (kk-1)
120 Continue
netry=max0(netry,ntries)
kmax=kmax+1
c
c-—--Add this orbital density to spin density
c
po(1)=zero
If(is.NE.2) Then
Do 130 k=1,kmax
rhosp(k,1)=rhosp(k, 1) +ocup(nst)*po (k) **2
130 Continue
Else
Do 140 k=1,kmax
rhosp(k,2)=rhosp(k,2)+ocup(nst) *po (k) **2
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140 Continue
Endif
c
c-—-store PxR for this spin-orbital
c

Do 150 k=1,mesh
p(k,nst)=po (k)
150 Continue
kmx (nst) =kmax
e(nst)=etry
160 Continue

c
c-—--end of schroedinger loop

c find total charge density and generate new potential
c

Do 170 k=1,mesh
rho(k)=rhosp(k,1)+rhosp(k,2)
170 Continue
Call vgener(z,exfact,facs,ichg,mesh,nsts,nspins,watson,
* radion,zion,ratio,convg)
o
c-——-find point of largest change in U potential
delta(l)=zero
delta(2)=zero
Do 190 is=1,nspins
Do 180 k=1,mesh
dif=dabs(u(k,is)-unew(k,is))
If(dif.GT.delta(is)) Then
delta(is)=dif
kdel(is)=k
Endif
180 Continue
Write(6,5700) iter,delta(is),kdel(is)
190 Continue
delt=dmax1(delta(1l),delta(2))
If (convg) Goto 280
If(tol.GT.delt) convg=.TRUE.
o
c——— SCF potential not converged: Calculate next trial pot--
c
If (netry.LE.2) fracu=fracu+(one-fracu)/two
If (fracu.GT.0.5D0) fracu=0.5D0
Do 220 is=1,nspins
Do 200 k=1,mesh
u(k,is)=(one-fracu)*u(k,is)+fracuxunew(k,is)
200 Continue
Do 210 k=2,mesh
vlast=v(k,is)
v(k,is)=u(k,is)/r(k)
unew(k,is)=v(k,is)-vlast
210 Continue
220 Continue
unew(1l,1)=zero
unew(1,2)=zero
c
c---next trial eigenvalues from 1st order pert:: <p| DEL V |[p>
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Do 260 nst=1,nsts
is=nspin(nst)
kmax=kmx (nst)
Do 230 k=1,kmax
fn(k)=unew(k,is)*p(k,nst)**2
230 Continue
Do 240 kk=1,520
rwk (kk) =r (kk+1)
vwk (kk) =fn (kk+1)
pwk (kk)=a (kk+1)
240 Continue
Call integr(vwk,rwk,kmax,ichg,pwk,1)
Do 250 kk=2,521
r (kk)=rwk (kk-1)
fn(kk)=vwk (kk-1)
a(kk)=pwk (kk-1)
250 Continue
dele=a(kmax)
e(nst)=e(nst)+dele
260 Continue
Write(6,5600) (nl(nst),nspin(nst),ocup(nst),
* e(nst) ,nst=1,nsts)
270 Continue
c
c---- end of SCF iteration loop
c
Write(6,5800)
Stop
280 Continue
c
c--- successful convergence of potential
c
ncards=mesh/8+1
If (mesh.EQ. (8*ncards)) ncards=ncards-1
Write(6,5600) (nl(nst),nspin(nst),ocup(nst),
* e(nst) ,nst=1,nsts)
Write(6,5900)
c
c-—- print R. V meshes
c
kf=1
Do 290 nc=1,ncards
k1=kf+7
If (k1.GT.mesh) kl=mesh
Write(6,6500) kf, (r(k),k=kf,kl)
kf=kl+1
290 Continue
Write(6,6000)
Do 310 is=1,nspins
Write(6,6100) is
kf=1
Do 300 nc=1,ncards
k1=kf+7
If (k1.GT.mesh) kl=mesh

193
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Write(6,6500) kf, (v(k,is),k=kf,kl)
kf=kl1+1
300 Continue
310 Continue
If(iprt.GE.1) Then
o
c--- print radial functions
c
Do 330 nst=1,nsts
n=nl(nst)/100
1=nl(nst)/10-10%*n
Write(6,6200) n,l,e(nst),ocup(nst),nspin(nst),kmx(nst)
kmax=kmx (nst)
kf=1
Do 320 nc=1,ncards
kl=kf+7
If (k1.GT.kmax) kl=kmax
Write(6,6500) kf,(p(k,nst),k=kf,kl)
kf=k1+1
320 Continue
330 Continue
Endif
c
c-—-- print charge density
C
Write(6,6300)
If (nspins.NE.1) Then
Do 350 is=1,nspins
If(is.EQ.2) Write(6,6700)
Write(6,6400) is
kf=1
Do 340 nc=1,ncards
kl=kf+7
If(k1.GT.mesh) kl=mesh
Write(6,6500) kf,(rhosp(k,is),k=kf, k1)

kf=kl+1
340 Continue
350 Continue

Endif
Do 360 k=2,mesh
rho (k)=r (k)*rho (k)
360 Continue
kf=1
Write(6,6700)
Write(6,6600)
Do 370 nc=1,ncards
k1=kf+7
If(k1.GT.mesh) kl=mesh
Write(6,6500) kf, (rho(k),k=kf,kl)
kf=kl+1
370 Continue
Close(5)
Close(6)
Stop

5000 Format (20A4)
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5100 Format(’ ’,20A4

*
*

//T20, 7 xxxxx input parameters Kok kK
/20X,36(°*’)//)

5200 Format(4F10.5/1015)
5300 Format(T30,’At # =’,I9/T30,’charge=’,I9

¥ X K X X X X ¥ X ¥

/T30, # orbs=’,I9
/T30,’# spns=",I9
/T30, exfact=",F9.5
/T30, ’radion=’,F9.5
/T30,’ratio =’ ,F9.5
/T30,’fracu =’,F9.5
/T30,’key  =?,I9
/T30,’ntol =’,I9
/T30, ’nthrsh=’,19
/T30,’mesh =’,19//)

5400 Format(F8.5,9F7.5)
5500 Format(2I5,2F10.0)
5600 Format(//T5,’spin-orbitals’,T21,’nl’,T25, spin’,T31, ocup’,

5700
5800
5900
6000
6100
6200

6300
6400
6500
6600
6700

C

*
*

*
*

T46,°E’
/(T20,13,T27,I1,T31,F4.1,T41,F13.7))
Format(//T19,’ITER #’,15,5X,’delta=’,1PD14.7,2X,’- point’,I4)
Format (’MAXIMUM # OF ITERATIONS EXCEEDED’)
Format (’RADIAL MESH FOR THIS ATOM:’//)

Format (’XALPHA V POTENTIAL FOR THIS ATOM:’//)

Format(//’ SPIN’,I2//)

Format (’SPIN-ORBITAL W/ N=,’I2,’ L=",I12," E=’,1PD14.7,
> 0CUP=’,1X,F5.2,’ NSPIN=’,12,"° TO POINT’,I5,
> : FORM’,’ Rx*RADLFN’/)

Format(’1 CHARGE DENSITY AT THE MESH POINTS:’/)

Format(/’> SPIN’,I2/)

Format (I5,1P8D16.6)

Format (/> TOTAL CHARGE DENSITY, FORM RHO*(Rxx*2) :’/)
Format(’1’)

End

Function blatt(e,p,r,vradl,hsqol2)

C K>k 3k 3k 3k 3k 5k 5k 3k 5k 5k >k >k 3k 3k 3k 5k 5k 5k 3k 5k >k >k >k 3k 3k 3k 5k 5k 5k 5k 5k >k >k 3k >k 3k 3k 5k 5k 5k 5k >k >k >k 3k >k 3k 3k 5k 5k 5k >k %k >k >k %k %k >k 5k >k >k >k %k %k %k >k %k

O0O0O0O00O00000

find the first derivative of function generated by Numorov

interpolation, the radial increment between the five
interpolation points must be constant.

r= radial mesh

vradl= radial potential

p= radial function obtained by integrating with energy
E through the radial potential vradl(k) on mesh R(k)

blatt= numerical derivative of p
see: jm blatt , j comp phys 1:385 (1967)

C >k >k 3k >k 3k 3k 5k 5k 5k 5k 5k >k >k 3k 3k 3k 5k 5k 5k 3k 5k >k >k >k >k 3k 3k 5k 5k 5k 5k 5k >k >k >k >k 3k 3k 5k 5k 3k 5k >k >k >k 5k 3k 3k 3k 5k 5k 5k >k %k >k >k %k 3k >k 5k 5k >k >k %k %k %k >k %k

C

Implicit Real*8 (a-h,o0-z)
Dimension p(5),vradl(5),r(5)

If(r(5)-r(1).LE.4.1D0*(r(2)-r(1))) Then
h=dsqrt (12.D0*hsqo12)
dif1=(p(4)-p(2))/2.D0
dif2=(p(5)-p(1))/2.D0

195
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ddif1=((vradl(4)-e)*p(4)-(vradl(2)-e)*p(2))*hsqol2
ddif2=((vradl(5)-e)*p(5)-(vradl(1)-e)*p(1))*hsqol?2
blatt=16.D0*(-dif1+37.D0*dif2/32.D0-37.D0*ddif1/5.D0
*  —17.D0*ddif2/40.D0)/(21.D0*h)
Return
Endif
Write(6,5000)
Stop
5000 Format(’ ERROR -- BLATT DERIVATIVE FORMULA IS CALLED’,
* ’OVER A MESH DOUBLEING INTERVAL’)
End

(@]

Subroutine integr(f,r,kmx,ichg,a,md)
C kokokokokokokokokoksksksksksk ok ok kokok ok sk sk sksk sk sk ok sk ok ok ok sk sk sksk sk sk sk sk o ok skok ok sk sk sk sk sk sk sk sk ok ke ok sk sk sk sksk sk ok ok o ok
c integrates function F on 1-D mesh R by quadrtures, stores
c partial integrals in A
¢ See K S Kunz, Numerical Analysis
ko sk ok ko ok ok sk sk sk sk ok sk sk o ok ok ok sk sk sk sk sk sk sk o ok sk ok sk sk sk sk sk sk sk sk o sk ok sk sk sk sk sk sk sk sk ok ok ok ok sk sk sk sk sk sk sk ok o ok
c

Implicit Real*8 (a-h,o0-z)

Dimension f(*),r(*),ichg(12),a(*)

Data s720,s646,s456,s346,s264,s251,s106,s74,s30,825,824,

* s19,s11,s10,s9,s7,s6,s85,s4,s2 /720.D0,646.D0,456.D0,

* 346.D0,264.D0,251.D0,106.D0,74.D0,30.D0,25.D0,24.D0,

* 19.D0,11.D0,10.D0,9.D0,7.D0,6.D0,5.D0,4.D0,2.D0/

Data zero /0.DO/

h=r(2)-r(1)
If (md.EQ.1) Then
o
c-—---begin integration at zero
c
k0=0
fO0=zero
Else
c
c——- begin integration at first point
kO=1
a(1l)=zero
f0=£(1)
Endif
n=1
kOp1=k0+1
kOp2=k0+2
kOp3=k0+3
kOp4=k0+4
c
c--- quadrature formulas q41(0),q41(1),941(2) for first 3 points
c
a(kOpl)=h*(s251*f0+s646%f (kOpl)-s264*f (kOp2)+s106*f (kOp3)
*  -s19xf (kOp4))/s720
a(k0p2)=a(kOpl) +h* (-s19*f0+s346*f (kOp1l) +s456*f (k0p2)
*  —s74xf (kOp3)+s11*f (kOp4))/s720
a(k0p3)=a(k0p2) +h* (s11*f0-s74*f (kOp1) +s456*f (kOp2)
*  +s346%*f (kOp3) -s19xf (kOp4)) /s720
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k0=kOp4
Do 20 k=kO,kmx
kml=k-1
km2=k-2
km3=k-3
kich=k-ichg(n)
If(kich.NE.1) Then
If(kich.EQ.2) Goto 10

C
c--- main part of integration: q31(2)
o
a(k)=a(kml)+h* (s9*f (k) +s19*f (km1) -s5*f (km2) +f (km3) ) /s24
Goto 20
Endif
o
C——————- if mesh interval just changed , special formulas
c
h=h+h
a(k)=a(kml)+h* (s2*f (k) +s7*f (km1) -s4*f (km2) +f (km3) ) /s6
Goto 20
10 n=n+1
a(k)=a(kml)+h*(s11*f (k) +s25*f (km1)-s10*f (km2)
* +s4xf (km3) ) /s30
20 Continue
If (mod(md,2) .NE.O) Return
o
c———- if MD even, reverse A
c
Do 30 k=1,kmx
a(k)=a(kmx)-a(k)
30 Continue
Return
End
c
C
Subroutine numrov(e,nst,z,n,l,r,v,p,ichg,kmax,mesh,thresh,
* ntries,prnt)
o

C %k >k >k >k 3k 3k 5k 5k 5k 5k 5k >k >k >k >k 3k 3k 5k 5k 5k 5k >k >k >k >k >k 3k 5k 5k 5k 5k 5k >k %k >k >k 3k 3k 5k 5k 5k 5k >k >k >k >k >k 3k 3k 5k 5k 3k 5k >k >k >k %k %k %k %k ok 5k >k >k *k k%

c
c solves schodinger equation numerically by numerov method
c V= partial potential including Lk (L+1)/R**2
c P= partial wave function in the form R*(Radlfn)
¢ assume V=infinity, P= zero at origin
oKk koK ok ok ok o K ok ok ok o ok ok ok ok o K oK ok ok o K sk ok ok o ok ok ok ok o o ok ok ok o o K ok ok ok o ok ok ok ok o ok ok ok ok o ok sk ok ok o sk ok ok ok ok ok
c
Implicit Real*8 (a-h,o0-z)
Logical cutset,onedun,prnt
Dimension dumcom(2084)
Dimension ichg(12),elast(30)
Dimension r(520),p(520),vradl(520),v(520),a(520),fn(520)
Common dumcom
Equivalence (dumcom(1) ,vradl(1))
Equivalence (dumcom(522) ,a(1))
Equivalence (dumcom(1043) ,fn(1))
Data ntrymx,nrstmx,nmtplm /50,10,20/
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Data zero,one,two,four,five,ten,twlve /0.D0,1.D0,2.D0,4.D0,
* 5.D0,10.D0,12.D0/

c
ntries=0
nreset=0
nmtply=0
nodes=n-(1+1)
angm=dfloat (1*(1+1))
onedun=.FALSE.
c
c--- setup radial EQN potential (V plus ANGMOM pot. L)
c
Do 10 k=1,mesh
vradl (k)=v(k)+angm/ (r (k) *r(k))
10 Continue
If (elast(nst) .EQ.zero) elast(nst)=1.25D0%e
delast=dabs((elast(nst)-e)/e)
Goto 30
20 Continue
c
c-—— E has been reset non variationaly:
c reset DE-control parameter
c
If (prnt) Write(6,5500) nst,ntries,e
delast=dabs (0.25D0*e)
c
c-- outward integration: To start exponential tail
c (where curvature goes negtive)
c
30 Continue
ntries=ntries+1
If (ntries.LE.ntrymx) Then
gkml=-one
cutset=.FALSE.
h=r(2)-r(1)
ncross=0
Call pstart(h,z,l,e,v,p(1),p(2))
hsqol2=h*h/twlve
pkm2=p (1)
pkm1=p(2)
dkm2=-(e-vradl (1)) *pkm2+*hsqo12
dkm1=-(e-vradl(2))*pkml*hsqol2
i=1
Do 50 k=3,mesh
gk=(e-vradl (k))*hsqol2
pk=(two* (pkml+fivexdkml)-pkm2+dkm2) / (one+gk)
p(k)=pk
c
c-—- test for sign changes in WFN
c
If (pk*pkml.LT.zero) ncross=ncross+1
If(.NOT.cutset) Then
c
c-—-- test for chg of sign in curvature (outer turning point)
c

If (gkml.LT.zero.0R.gk.GE.zero) Then
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gkml=gk
Goto 40
Endif
c
c-—- Have reached turning point:
c set KSTOP for cutoff integration
c
cutset=.TRUE.
kstop=k+2
If (kstop.EQ.ichg(i)-1) kstop=ichg(i)
If(k-2.LT.ichg(i-1) .AND.k+2.GT.ichg(i-1))
* kstop=ichg(i-1)+4
If (k-2.LT.ichg(i) .AND.k+2.GT.ichg(i))
* kstop=ichg(i)+4
Else
c
c——— KSTOP set: check if it is reached
c
If (k.EQ.kstop) Goto 60
Endif
40 If(k.GE.ichg(i)) Then
c
c—-—-- numerov increment for H just doubled
c
i=i+1
hsqol2=four*hsqol?2
dkm2=four*dkm2
dkml=-fourxgk*pk
pkml=pk
Else
c
c-—--numerov increment for H unchanged
c
dkm2=dkm1
dkml=-gk*pk
pkm2=pkm1l
pkml=pk
Endif
50 Continue
c
c——- Error exit from outwards integration: Tail not reached
c Reset E=VRADL(k) inside mesh and try again
c
If(prnt) Write(6,5600) nst,ntries,k
nreset=nreset+1
k=mesh-40*nreset
e=vradl (k)
If (nreset.GT.nrstmx) Goto 140
Goto 20
c
c——- Successful exit from outwards integration:
c Test # radial nodes
c

60 Continue
If (ncross.NE.nodes) Then
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c-—-- # of nodes in error: if too few, decrease ABS(E)
c if too many, increase ABS(E)
c

If (prnt) Write(6,5700) nst,ntries,ncross
nmtply=nmtply+1

If (amtply.GT.nmtplm) Goto 160

If (ncross.LT.nodes) fact=0.75D0

If (ncross.GT.nodes) fact=1.25D0

e=fact*e
Goto 20
Endif
c
c-—- # of nodes correct: find P from blatt formula
c
drvout=blatt(e,p(kstop-4),r(kstop-4),
* vradl (kstop-4) ,hsqo12)
kmatch=kstop-2
pmatch=p (kmatch)
c
c-—- end outward integration
c
kstop=kstop-4
If(.NOT.onedun) Then
c
c-—- skip searchfor kmax if one succesful inwards integral done
c
bigex=69.08D0
in=11
kmax=mesh+40
70 Continue
in=in-1
If(in.EQ.0) Goto 150
kmax=kmax-40
hsq=(h*h)*four**in
c
c——- set KMAX farther IN , if H too large for stabilit
c or RADLFN is in an underflow region
c
If (hsq.GE.6.214D0/dabs(e)) Goto 70
ex=r (kmax) *dsqrt (vradl (kmax) -e)
If (ex.GT.bigex) Goto 70
Do 80 k=kmax,mesh
p(k)=zero
80 Continue
Endif
c
c-—- inward integration
c
k=kmax
i=in
c
c-— first two points by exponential approx
c

hsqo12=(h*h/twlve)*four**i
pkm2=dexp (-r (k) *dsqrt (vradl (k) -e))
dkm2=-(e-vradl (k) ) *pkm2*hsqo12
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p (k) =pkm?2
k=k-1
pkmi=dexp (-r(k)*dsqrt (vradl(k)-e))
dkm1=-(e-vradl (k) )*pkml*hsqol2
p (k) =pkm1
c
c-—— integrat down to kstop
c
90  k=k-1
gk=(e-vradl (k) )*hsqol2
If(-gk.GT.one) Write(6,5300) e,gk
pk=(two* (pkml+fivexdkml)-pkm2+dkm2) / (one+gk)
p(k)=pk
If(k.NE.kstop) Then
If (k.LE.ichg(i)) Then
c
c--- increment if interval just halved: calcls 2 points
c
i=i-1
dk=-pk*gk
km1l=k-1
km2=k-2
gkm1=(e-vradl (k)) *hsqol2
pkml=(two* (pk+fivexdk)-pkmi+dkml)/(one+gkml)
dkm1=-pkmix*gkml/four
hsqo12=hsqo12/four
gkm2=(e-vradl (k) ) *hsqo12
dk=dk/four
pkm2=( (pk-dk) +(pkm1-dkm1) )/ (two-ten*gkm2)
dkm2=-pkm2*gkm?2
p (km1)=pkm2
If (kml.EQ.kstop) Goto 100
p (km2) =pkm1
If (km2.EQ.kstop) Goto 100
k=km2
Goto 90
Endif
c
c--- numerov invrement for H unchanged
c
dkm2=dkm1
dkml=-pk*gk
pkm2=pkm1
pkml=pk
Goto 90
Endif
c
c-—- end inward integration

100  Continue
onedun=.TRUE.
c
c-—- mach inwards integratrion to ontwards at KMATCH
c
cmatch=pmatch/p(kmatch)
Do 110 k=kstop,mesh

201
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p(k)=p(k)*cmatch
110 Continue
drvin=blatt(e,p(kstop),r(kstop),vradl (kstop),hsqol2)
drvdif=drvin-drvout
c
c-—- variational principle improvment for E
c
Do 120 k=1,kmax
fn(k)=p (k) *p(k)
120  Continue
Call integr(fn,r,kmax,ichg,a,1)
xnorm=a (kmax)
de=-p(kmatch) *drvdif/xnorm
If (prnt) Write(6,5800) nst,ntries,e,kmatch,drvdif,de
If (dabs(de/e) .GE.thresh) Then
c
c--- E not converged: if DE/E .gt. % chnage of ETRIAL from
c-—- E of last potential iter, reduce DE to that value

c

If (dabs(de/e) .GT.delast) de=de*dabs(delast*e/de)
c
c-—-- increment energy and solve again
c

e=e+de

Goto 30

Endif

c
c--- energy is converged: normalize WFN and return
c

elast(nst)=e
xnorm=dsqrt (xnorm)
Do 130 k=1,kmax
p(k)=p (k) /xnorm
130 Continue

Return
Endif
c
c-—— error prints and stop
c
Write(6,5000)
Stop
140 Write(6,5100)
Stop
150 Write(6,5200)
Stop
160 Write(6,5400)
Stop
c
c
5000 Format(’ ntrymx exceeded in numerov--’,
* ’E convergence too slow’)

5100 Format(’ cannot find an exponential tail in numerov’,

* ’despite moving curvature CHG point back to R(40).’,

* ’check form of V.’)
5200 Format(’ starting mesh is too large to accommodate’,

* ’core function integration by numerov’)
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5300 Format(’ warning--- GK<-1 for E=’,1X,D14.7,

* > and GK=’,1X,D16.7/)
5400 Format(’ E has been changed to hunt for correct # of’,

* ’nodes more time than allowed’)
5500 Format(’ NST=’,I3,’ after NTRY=’,I3,’ is having E’,

* ’set non-variationally to ’,1X,D20.7)
5600 Format(’ Nst=’,I3,’ Trial #’,I3,’ does not reach tail’,

* ’E reset= VRADL(k)-K=’,I4)
5700 Format(’ NSt=’,I3,’ Trial #’,I3,’ has NCROSS=’,I3,

* ’: E mult by factor to correct # radial nodes’)
5800 Format(’ NST=’,I3,’ Trial # ’,I3,’ has E=’,1X,D14.7,

* > Kmatch=’, I3,°’ Drvdif=’>,D14.7,’ De=’,D14.7)

End

c
Subroutine pstart(h,z,l,e,v,pl,p2)
(3K sk sk sk sk sk sk sk sk sk sk ok sk sk ok sk ok ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk s ks sk sk ok ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok

Begin integration of radial equation with angular
momentum = L, near R=0, expands
P=R*(radial FN)=SUM<O0,4>(A(j)*R**j)*R**x(L+1)
and finds coefts A(J) by taking derivatives 0-3 of radial
equation at R=0;

OO0 0000

C ok ook st ok ok sk ok s ok ok sk ok s ok st ok ok s ok st ok sk sk ok s ok ok sk ok s ok ok sk ok ook st ok sk s ok st ok sk sk ok s ok sk sk ok ook ok sk ok ook ok ok sk ok ok ok
Implicit Real*8 (a-h,o0-z)
Dimension v(3)
Data s1,s302,s1103,s82,s8502,s83,s84,s6,s8,s812,s20 /1.D0,1.5D0,
* 3.6666666666666D0,2.D0,2.5D0,3.D0,4.D0,6.D0,8.D0,12.D0,

*x 20.D0/
c
x1=dfloat (1)
zoh=z/h
c
c—— derivs of Rx(v(i)-E) at R=0
c
d0=-(z+z)
d1=s3*(v(1)-v(2))+v(3)+s1103*zoh-e
d2=-(s502*v (1) -s4*v(2)+s302*v(3)+zoh+zoh) /h
d3=((v(1)+v(3))/s2-v(2)+zoh/s3) / (hxh)
c
c-—- expansion coefficients
c
al=-z/(x1l+s1)
a2=(d0*al+d1)/(sd4*x1+s6)
a3=(d0*a2+d1*al1+d2)/(s6xx1+s12)
ad=(d0*a3+d1*a2+d2*al1+d3) / (s8*x1+s20)
1pl=1+1
c

c---evaluation of series expansion for P=R*(radial function
c
pl=(sl+h*(al+h* (a2+h*(a3+h*ad))))*h**(1pl)
th=h+h
p2=(s1+th*(al+th*(a2+th*(a3+th*ad))))*th**(1pl)
Return
End

203



204 CHAPTER 7. JR -4 HHE

Subroutine vgener(z,exfact,facs,ichg,mesh,nsts,nspins,

* watson,radion,zion,ratio,convg)
ko ok ok ok ok ok sk sk sk sk ok sk sk o ok ok ok sk sk sk sk sk sk sk ok ok sk ok sk sk sk sk sk sk sk sk o sk ok sk sk sk sk sk sk sk sk ok ok sk ok sk sk sk sk sk sk sk ok ok
c generate new atomic potential UNEW(k) from charge density

¢ information. if CONVG=.true., also calculates total energy
¢ under the HFS hamilton
c
Gtk ok ok okttt otk ks ok sk ok sk ok ok sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk ok sk stk stk sk ok s sk sk ok sk ok ok sk sk sk sk sk sk sk sk sk sk sk sk ok ok ok ok ok ok ok ok
Implicit Real*8 (a-h,o0-z)
Logical convg,watson
Dimension dumcom(2084) ,fn(521) ,a(521)
Dimension r(521),p(521),rhosp(521,2),rho(521)
Dimension ucoul (521) ,uexch(521,2) ,unew(521,2),v(521,2)
Dimension e(30),nspin(30),kmx(30),o0cup(30)
Dimension ichg(12),eexch(2)
Dimension fwk(521),rwk(521),awk(521)
Common dumcom,r,v,rhosp,rho,e,ocup,kmx,nspin,p
Equivalence (dumcom(1) ,uexch(1,1) ,unew(1,1))
Equivalence (dumcom(1043),fn(1))
Equivalence (dumcom(1564) ,a(1))
Data zero,one,two,three,six /0.D0,1.D0,2.D0,3.D0,6.D0/
Data third,s304 /0.33333333333333D0,0.75D0/
Data pi4 /12.56637061435916D0/

c
c---generate new potential U=R*V (rho,rhosp in form (Rx*P)*x2)
c
kmax=0
Do 10 nst=1,nsts
kmax=max0 (kmax ,kmx (nst))
10 Continue
kmxm1l=kmax-1
mesp=mesh-1
Do 20 k=1,1563
dumcom (k) =zero
20 Continue

c
c--- exchange potential
c
Do 40 is=1,nspins
Do 30 k=1,kmax
uexch(k,is)=-six*exfact*(threexfacs*r (k) *rhosp(k,is)
* / (twoxpid#*pid))**third
30 Continue
40 Continue
If (convg) Then
c
c--- if potential converged, find E-E exchange energy
c

eexch(1)=zero
eexch(2)=zero
Do 80 is=1,nspins
Do 50 k=2,kmax
fn(k)=s304*rhosp(k,is)*uexch(k,is)/r(k)
50 Continue
Do 60 kk=1,520
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fwk (kk)=fn(kk+1)
rwk (kk)=r (kk+1)
awk (kk)=a(kk+1)
60 Continue
Call integr(fwk,rwk,kmxml,ichg,awk,1)
Do 70 kk=2,521
fn(kk)=fwk(kk-1)
r (kk)=rwk (kk-1)
a(kk)=awk (kk-1)
70 Continue

eexch(is)=a(kmax)
80 Continue
Endif
c
c--coulomb potential (assuming sperical symmetry)
c
ucoul (1)=zero
Do 90 kk=1,520
fwk (kk)=rho (kk+1)
rwk (kk)=r (kk+1)
awk (kk)=ucoul (kk+1)
90 Continue
Call integr(fwk,rwk,mesp,ichg,awk,1)
Do 100 kk=2,521
rho (kk)=fwk (kk-1)
r (kk)=rwk (kk-1)
ucoul (kk)=awk (kk-1)
100 Continue

c call integr(rho(2),r(2),nesp,ichg,ucoul(2),1)
rho(1)=zero
Do 110 k=2,kmax
rho(k)=rho (k) /r(k)
110 Continue
Do 120 kk=1,520
fwk (kk)=rho(kk+1)
rwk (kk) =r (kk+1)
awk (kk)=fn(kk+1)
120 Continue
Call integr(fwk,rwk,kmxml,ichg,awk,1)
Do 130 kk=2,521
rho (kk)=fwk (kk-1)
r (kk) =rwk (kk-1)
fn(kk)=awk (kk-1)
130 Continue
Do 140 k=1, kmax
fn(k)=fn(kmax)-fn(k)
140 Continue
c
c-—- UCOUL set equal electron-electron coulomb potential
c
Do 150 k=1,mesh
ucoul (k)=ucoul (k) +r (k) *fn (k)
150 Continue
If (convg) Then
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c
¢ ——— 1if potential converged, find N-E,& E-E coulomb energies
c
enucel=-twoxz*fn(1)
Do 160 k=1,kmax
fn(k)=rho (k) *ucoul (k)
160 Continue
Do 170 kk=1,520
fwk (kk)=fn(kk+1)
rwk (kk) =r (kk+1)
awk (kk)=a(kk+1)
170 Continue
Call integr(fwk,rwk,kmxml,ichg,awk,1)
Do 180 kk=2,521
fn(kk)=fwk(kk-1)
r (kk)=rwk (kk-1)
a(kk)=awk(kk-1)
180 Continue
eecoul=a(kmax)

Endif
c
c---new coulomb potential (nuclear+electronic)
c
Do 190 k=1,mesh
ucoul (k) =two* (ucoul (k) -z)
If (watson) Then
c
c-- watson sphere contribution, if any
c
xion=zion*ratio
If(r(k).LT.radion) Then
ucoul (k) =ucoul (k) +two*xion*r (k) /radion
Else
ucoul (k) =ucoul (k) +two*xion
Endif
Endif
190 Continue
c
c---sum coulomb and exange terms
c

Do 210 is=1,nspins
Do 200 k=1,mesh
unew(k, is)=ucoul (k) +uexch(k,is)
200 Continue
210 Continue
If(.NOT.convg) Then

Return

Endif
c
c——— Total Energy Calculation
c

ekinet=zero
c
c--- Kinetic energy from integration (E-V) over orbital densities
c

Do 220 nst=1,nsts



7.7. WHEHFRF

ekinet=ekinet+ocup(nst) *e(nst)
220 Continue
Do 260 is=1,nspins
Do 230 k=2,kmax
fn(k)=v(k,is)*rhosp(k,is)
230 Continue
Do 240 kk=1,520
fwk (kk)=fn(kk+1)
rwk (kk)=r (kk+1)
awk (kk)=a(kk+1)
240 Continue
Call integr(fwk,rwk,kmxml,ichg,awk,1)
Do 250 kk=2,521
fn(kk)=fwk(kk-1)
r (kk)=rwk (kk-1)
a(kk)=awk (kk-1)
250 Continue
ekinet=ekinet-a(kmax)
260 Continue
ewats=zero
If (watson) Then
o
c--- watson sphere contibution if any
c
xion=zion*ratio
Do 270 k=2,kmax
If(r(k) .LT.radion) Then
fn (k) =twoxxion*r(k)/radion
Else
fn(k)=two*xxion
Endif
270 Continue
Do 280 k=2,kmax
fn(k)=fn(k)*rho (k)
280 Continue
Do 290 kk=1,520
fwk (kk)=fn(kk+1)
rwk (kk)=r (kk+1)
awk (kk)=a(kk+1)
290 Continue
Call integr(fwk,rwk,kmxml,ichg,awk,1)
Do 300 kk=2,521
fn(kk)=fwk(kk-1)
r (kk) =rwk (kk-1)
a(kk)=awk (kk-1)
300 Continue
ewats=a(kmax)
Endif
o
¢c——-SUM and Print Total energy
c
etotal=ekinet+eecoul+eexch(1l)+eexch(2)+enucel+ewats
virial=-etotal/ekinet+one
Write(6,5100)

Write(6,5000) ekinet,enucel,eecoul,eexch(1l),eexch(2),ewats,

* etotal,virial
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Return
5000 Format (//T20, ’***x* ATOMIC ENERGIES %k xk
* /T20,36(° %)

* //T20,’Kinetic Energy=’,1X,D21.7
* /T20, ’Nuc-E1 Coulomb=’,1X,D21.7
* /T20,’E1--E1 Energy=’,1X,D21.7
*  /T20,’Spin up Exchg =’,1X,D21.7
* /T20,’Spin Dn Exchg =’,1X,D21.7
* /T20,’Watson Sphere =’,1X,D21.7
x ///T20,’Total Energy =’,1X,D21.7
* /T20,’Virial ratio =’,1X,D21.7
x ///)
5100 Format(’1’)
End

7.8 Sturm-Liouville [a]8
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